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Introduction

In mathematics, the art of proposing a question must be held of higher value than solving it.

Georg Cantor

Urban planning in the 21st century faces a wide range of challenges, including the development of efficient

transportation systems, the pursuit of environmental sustainability, the enhancement of emergency response,

and equitable access to public services. These challenges are intensified by factors such as rapid urban popu-

lation growth and climate change. As cities become increasingly complex, the analytical and planning tools

used to understand and improve them must evolve accordingly.

Combinatorial optimization has emerged as a powerful mathematical framework for modeling, analyz-

ing, and solving many of the complex challenges inherent in modern urban development. These methods

are especially well suited to urban problems that can be represented as networks or graphs, where resources

must be allocated, flows optimized, or connections established under intricate and often competing con-

straints. Complementary branches of combinatorial optimization, such as integer programming, structural

graph theory, operations research, and network optimization, each contribute distinct perspectives to urban

challenges. When integrated, these techniques allow researchers and practitioners to capture the structural,

spatial, and dynamic complexities of urban systems. This holistic approach not only provides rigorous the-

oretical foundations, but also equips decision-makers with practical tools to address critical domains such as

transportation, energy, healthcare, disaster management, urban security, and accessibility to services.

The purpose of this report is to present a structured survey on the applications of combinatorial opti-

mization in urban planning, with particular emphasis on the underlying mathematical models. Each chapter

highlights a specific domain in which these methods have proven not only beneficial but often essential to

develop efficient and sustainable solutions. Beyond reviewing existing work, the report also seeks to identify

methodological trends, key challenges, and promising directions for future research.

ORGANIZATION OF THE REPORT. The report is organized into ten chapters, each addressing a

distinct yet complementary area of urban planning where combinatorial optimization and graph-theoretic

methods play a decisive role.

• Chapter 1: Facility Location discusses facility location models for emerging micromobility services,

such as e-scooters and shared bicycles, with a focus on allocating appropriate parking infrastructure

under docked and dockless systems. It also examines relevant graph-theoretic models that provide a

structured framework for addressing these challenges.

A Survey Report on Applications of Combinatorial Optimization Methods in Urban Planning and
Relevant Mathematical Models
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• Chapter 2: Bike-Sharing Systems surveys the static bike rebalancing problem (SBRP), emphasizing

problem variants, mathematical models, and solution approaches aimed at addressing supply-demand

imbalances in bike-sharing systems.

• Chapter 3: Charging Systems reviews the operational challenges and models in e-scooter charging

systems, reviewing the combinatorial optimization models for routing and battery-swapping opera-

tions.

• Chapter 4: Public Transportation examines optimization problems across the strategic, tactical,

and operational levels of public transportation planning, including line planning, timetabling, vehicle

and crew scheduling, and integrated solution methods.

• Chapter 5: Disaster Management highlights applications of combinatorial optimization in pre-

disaster planning, shelter allocation, humanitarian logistics, and evacuation strategies, with particular

attention to uncertainty, resilience, and equity.

• Chapter 6: The 15-minute City investigates computational and mathematical approaches to the 15-

minute city paradigm, including grid tessellation, accessibility analysis, and optimization methods that

promote sustainable and equitable urban design.

• Chapter 7: Urban Street Cleaning explores urban street cleaning as a practical application of arc

routing problems, extending the discussion to related contexts such as snow removal, waste collection,

and digital mapping.

• Chapter 8: Mobile Clinics presents the vehicle routing problem (VRP) in the context of mobile

clinics in rural South Africa, showing how optimization supports equitable access to healthcare under

logistical and service constraints.

• Chapter 9: Patrolling Streets presents the Armed Response problem as a resource allocation model

within urban security systems, examining its connections to police patrol and emergency response

models and situating the problem within graph-theoretic frameworks such as domination and network

flow models.

• Chapter 10: Electric Power Systems surveys graph-theoretic and optimization approaches to plan-

ning and operating power systems, with applications in clustering, reliability assessment, generation

scheduling, and renewable energy integration.

Collectively, these chapters highlight the extensive scope and profound impact of combinatorial opti-

mization in addressing complex and pressing urban challenges, demonstrating how advanced mathematical

and graph-theoretic methods can inform efficient, resilient, and sustainable solutions across diverse aspects

of city planning and management. By providing both conceptual overviews and application-driven insights,

this report seeks to serve as a resource for researchers, practitioners, and policymakers who aim to design more

efficient, resilient, and sustainable cities.
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Chapter I

Facility Location

The rapid growth of micromobility services, such as e-scooters and shared bicycles, has introduced new chal-
lenges in urban infrastructure planning. One of the most pressing issues is the allocation of appropriate park-
ing infrastructure. Known graph theoretic solutions for the facility location problem in both dockless and
docked operating systems are discussed here.
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Public transportation enables efficient travel between key points within urban areas. However, transit stations
cannot be located near every residence, giving rise to the “first/last mile” problem. Micromobility solutions,
such as shared bicycles and e-scooters, offer a flexible and effective means to address this gap, facilitating con-
venient access to and from public transport nodes.

Among the first attempts to solve this first/last mile problem was the “White Bicycle Plan” program
launched in Amsterdam in 1965. This program left 50 white-painted bicycles around the city, free for all to
use. Unfortunately, it failed due to theft and vandalism. The pioneer of modern bike-sharing can be seen as
the “Bycyklen” programme from Copenhagen in 1995, where you could deposit 20 Danish Krone to use a
bicycle that was refunded when you returned the bicycle [49].

The first studies on micromobility began in the late 2000s and gained more momentum in the follow-
ing decade when lightweight devices such as electric bicycles and electric scooters (e-scooters) became more
popular [19, 21, 49].

The rapid growth of micromobility services, such as e-scooters and shared bicycles, has introduced new
challenges in urban infrastructure planning. One of the most pressing issues is the allocation of appropriate
parking infrastructure to reduce sidewalk clutter, improve accessibility, and ensure regulatory compliance.
When considering a dockless operating system, as in the case of e-scooters, parking locations for the deploy-
ment of the scooters (this can either be in the initial deployment or in the deployment of scooters gathered
from remote places) should be determined. On the other hand, an operating system that makes use of docking
stations (as in the case of some shared bicycle systems), the location of these stations must be optimal.

In this chapter we consider facility location in a micromobility environment, mainly focusing on graph-
theoretic approaches to solve this problem. In Section 1.1, we discuss relevant graph-theoretic solutions. We
discuss the complexity of the problems in Section 1.2 and we conclude the chapter in Section 1.3.
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i Facility Location in a Micromobility Environment

1.1

Station placement models in micromobility

The station placement problem in micromobility can be formulated using graph-theoretic concepts. Con-
sider a city or geographic region represented as a graph, where vertices correspond to physical locations and
edges represent connections or distances between them. The goal is to identify an optimal subset of locations
for deploying bicycles or e-scooters, maximizing accessibility, coverage, and overall efficiency of the system.
This formulation captures the challenge of selecting facility sites that effectively serve demand while mini-
mizing user travel distances and ensuring efficient resource utilization.

This section presents several known graph-theoretic solutions to the station placement problem in micro-
mobility. We consider the following approaches: covering location problems, clustering methods, centrality
measures, domination parameters and fuzzy graphs.

1.1.1 Covering location problems

The facility location problem with given demand is classically solved by the Maximum Covering Location
Problem (MCLP) first introduced in [15]. In this seminal paper the MCLP was introduced to determine the
placement of a fixed number of facilities that will maximize the demand that can be served within a given
service distance. A different variant of this problem where every vertex in the graph outside of the service
distance is required to be within a certain allowable distance from the chosen facilities is also discussed. These
problems can be solved by modeling them as mixed integer linear programming (MILP) problems with a
coverage and facility constraint. The original MCLP was further expanded by Yue et al. [53] through the
introduction of a distance tolerance by considering the distance a user is willing to walk before picking up an
e-scooter. They posed the problem as an MILP problem and then made use of deep reinforcement learning
to solve the problem for the city of Chigaco, USA. In [16] the problem of finding the optimal placement
of stations for e-scooters was modeled as a multi-objective Maximum Coverage Parking Location problem
maximizing public transportation accessibility, demand, and taking points of interest into account. This
study includes a case study on the city of Rome. A maximum demand coverage problem used to allocate
bicycle stations is introduced in [35] with a case study on data from a bike sharing system in Santiago, Chile.
In [31] a capacitated maximal covering location problem is used to show how the placement of facilities can
improve the coverage of the existing stations of the bike-sharing program in Boulder, Colorado.

1.1.2 Clustering algorithms

Data-driven approaches, particularly clustering algorithms, have been widely adopted to identify optimal
locations for parking facilities. A variety of clustering techniques have been employed, each with distinct
advantages and limitations.

In [7] the 𝐾 -means algorithm was applied to aggregate trip origins and destinations into 180 candidate
station sites. After generating candidate station sites via 𝐾 -means, a 𝑝-median mixed-integer programming
model was applied to select the optimal subset of stations. Constraints such as maximum walking distance,
proximity to bike lanes, and facility capacity were incorporated. Additionally, queueing theory and dwell-time
analysis were also used for station sizing. This integration ensures that facility placement is both data-driven
and operationally feasible. Data from a shared e-scooter network in Thessaloniki, Greece is used to test these
methods.

Then, in [47], the authors extended clustering approaches by using density-based clustering algorithms
(DBSCAN and HDBSCAN). Their results showed that density-based approaches outperform 𝐾 -means

4 Deliverable D2.1
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in identifying meaningful clusters of trip endpoints, especially in environments with irregularly shaped or
variable-density clusters. Unlike 𝐾 -means, DBSCAN and HDBSCAN can handle noise and do not require
predefining the number of clusters. Nevertheless, these methods rely on hyperparameters such as neighbor-
hood radius and minimum cluster size, which require careful tuning. They further introduce the use of
weighted clustering, wherein certain trip endpoints were assigned higher importance based on policy-relevant
attributes, such as narrow sidewalks. This weighting improved the ability of clustering algorithms to capture
efficiently “problematic” trips, although it led to a modest decline in overall trip capture. This trade-off high-
lights the potential of clustering as a flexible tool for balancing general demand coverage with equity and
accessibility concerns. The city of Nashville, USA is used as a case study.

1.1.3 Centrality measures

In transportation network analysis, centrality measures play a crucial role in guiding facility location decisions,
such as the placement of terminals, depots, or transfer hubs. A wide variety of centrality measures has been
proposed, and an extensive overview can be found in the Periodic Table of Network Centrality [48]. Here,
we highlight only those measures that are particularly relevant for addressing the problem of facility location
planning in transportation networks.

Degree centrality identifies nodes with the most direct connections, making them natural candidates for
facilities that benefit from high local accessibility [23]. However, locally important nodes are not necessarily
globally important; therefore, it is also necessary to consider centrality measures that capture the role of nodes
in the broader network structure.

Betweenness centrality highlights nodes that frequently lie on the shortest paths between others [22].
High betweenness centrality values reflect potential bottlenecks in the network, which is particularly valuable
when locating facilities at strategic transfer points to minimize congestion and improve overall flow efficiency.

Closeness centrality emphasizes nodes with minimal average distance to all others [46]. This measure
supports facility placement decisions aimed at maximizing global accessibility and reducing travel times across
the network.

Finally, eigenvector centrality helps identify nodes connected to other influential nodes, offering insight
into facility locations that not only serve direct demand but are also embedded within important corridors of
movement [10].

Taken together, these measures provide a robust methodological foundation for facility location plan-
ning in transportation networks. For example, Bora and Baruah [11] applied degree centrality, betweenness
centrality, and closeness centrality to real-world data from the Dispur urban transportation network in India,
demonstrating their practical relevance. Agryzkov et al. [1] proposed a centrality model for urban networks
based on the concept of eigenvector centrality and applied it to empirical data collected through fieldwork on
commercial activity in the city of Murcia, Spain. Another example of a practical application using multiple
types of centrality measures was provided by Napitupulu et al. [38], who applied degree centrality, between-
ness centrality, closeness centrality, eigenvector centrality, and weighted eigenvector centrality to analyze the
transportation network of the Unpad Jatinangor Campus route in Indonesia.

1.1.4 Graph domination parameters

The notion of domination in graph theory arises from the requirement that every vertex in a graph is either
in a designated set of vertices or adjacent to one. Basic and also specialized information on domination in
graphs can be found in the books [26, 27, 28, 29]. Domination in graph theory can model facility location
problems [17, 20, 24, 32, 45]. Zones of a city are represented as vertices, and a dominating set corresponds to
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i Facility Location in a Micromobility Environment

choosing the smallest set of zones where facilities are placed so that every zone either hosts a facility itself or is
adjacent to one. This captures the idea of efficient allocation with full coverage.

Beyond transportation-specific settings, domination models have also been applied to broader urban re-
source allocation tasks, such as optimizing the distribution of services using minimum dominating sets in
interval graphs [42].

This classical definition of domination underpins a wide range of domination variants (see [26, 27, 28]
for several of these variants), each of which has been explored both theoretically and in applications such as
resource allocation and facility location [45]. Depending on the specific requirements of location problems,
a variety of domination variants have been introduced.

Multiple domination reflects real-world allocation problems where redundancy is desirable. Gagarin and
Corcoran introduced models of multiple domination to optimize the placement of electric vehicle charging
stations in road networks [24]. Here, each demand node is required to be dominated by more than one
facility, ensuring users have access to multiple charging options within range. Their study developed integer
programming formulations and heuristics, showing that multiple domination is a natural model for resilient
facility placement.

The 𝑘-domination framework has also been explored in depth for road networks. Corcoran and Gagarin
proposed heuristics for 𝑘-domination models applied to facility location on urban street networks [17]. Their
work demonstrated that greedy and beam-search algorithms are effective for finding small 𝑘-dominating sets
in large graphs, providing scalable methods for street-level allocation. Later, Dijkstra et al. extended this line
of research to directed graphs [20] (a graph is directed if the edges are replaced by arrows - the notion of a
direction is used). By considering road networks as digraphs, they accounted for directionality in travel (e.g.,
one-way streets), and proposed greedy heuristics for 𝑘-domination under these constraints. Both contribu-
tions show how domination models naturally encode the allocation of urban facilities to demand points with
redundancy and direction-aware reachability.

There are also many other domination type parameters that are important for micromobility systems. In
distance-𝑟 domination, adjacency is replaced by distance at most 𝑟 in the graph (the distance between vertices
in a graph is understood as the smallest number of edges that can be used to arrive from one vertex to the other
one through adjacency). A distance-𝑟 dominating set 𝐷 guarantees that every vertex lies within a distance 𝑟
to some vertex 𝑢 ∈ 𝐷. This corresponds directly to walking-radius constraints in facility placement [29].
Different values of 𝑟 model tolerances such as 200m or 400m access distances to docking stations or scooter
deployment points.

The question of whether micromobility services are accessible to and equally distributed to all clients in
the network is mostly considered when evaluating the current state of the system and not during the design
phase. By evaluating the current state of a network Aman et al. [6] showed that disadvantage and low-income
communities were less likely to have access to bikes and scooters. In [36], a dockless bicycle sharing system in
Seattle was investigated for equity and it was shown that there is a slight shift in availability to higher income
communities. Caggiani et al. [12] considered equity as part of the design process and proposed a model that
minimizes inequalities but at the same time maintain certain levels of accessibility and coverage. In [8] the
equity of the distribution of stations was considered when changing from a dockless to a docked system where
they maximize equity while minimizing the total walking distance. A fair dominating set 𝐷 is a dominating
set in which every vertex outside 𝐷 is dominated by the same number 𝑘 of vertices of 𝐷 [13]. The minimum
cardinality of such a set is the fair domination number 𝛾𝐹 (𝐺). This invariant captures equitable access: every
vertex is dominated by the same number of vertices. As mentioned in [39] fair domination promotes a more
balanced influence and provides a useful tool for resource allocation.

Meeting all clients’ needs is a desirable, but often unrealistic, requirement, mostly because of economical
restrictions. In such cases, requiring that just a fraction of the demand must be serviced is more beneficial.
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Fuzzy graphs 1.1.5

Therefore, the focus falls on the dominated vertices, that might not be the whole set of vertices. This motivates
the use of the concept of partial domination in graphs. For 𝛼 ∈ [0, 1], a set 𝑆 ⊆ 𝑉 is a 𝛼-partial dominating

set of a graph𝐺 if the ratio |𝐵 |/|𝑉 | is at least 𝛼, where 𝐵 is the set of vertices of 𝑆 together with all the vertices
adjacent to a vertex of 𝑆 . The 𝛼-partial domination number 𝛾𝛼 (𝐺) equals the minimum cardinality of a
𝛼-partial dominating set. This concept was independently introduced in [14, 18], and mentioned to have the
capability for being used in micromobility models in [43].

Exact solutions for the partial domination problem are not always available. In [43], authors presented
two genetic algorithm heuristics and one artificial bee colony heuristic to solve the minimum general partial
dominating set problem. Although their algorithms were not applied directly to micromobility datasets, the
authors highlighted their suitability for facility location in urban networks.

1.1.5 Fuzzy graphs

Zadeh [54] introduced the concept of fuzzy sets, laying the foundation for handling vagueness in mathe-
matical structures. When vertices, edges, and their relationships in a graph exhibit ambiguous or imprecise
information, representing them through a fuzzy graph becomes essential. The early developments in this
field were led by Rosenfeld [44], whose work was later extended by researchers such as Mordeson [37] and
Bhattacharya [9].

The concept of domination in the context of fuzzy graphs was later introduced by Somasundaram [51].
In the 21st century, Akram [2] extended this line of research by developing the notion of bipolar fuzzy graphs
and investigating some of their properties. The same authors further studied irregular bipolar fuzzy graphs
of various types and subsequently introduced the concept of regular bipolar fuzzy graphs [3]. Applications
can be found in diverse domains, including decision-making, and social networks [34, 41, 50].

Alqahtani [5] applies domination in neutrosophic fuzzy directed graphs to decide where to install charg-
ing stations for electrical vehicles. Under this model, the candidate sites are modeled as vertices with neutro-
sophic values that represent suitability, where edges encode accessibility and service influence. By computing
dominating sets, the method gives an approximation to a solution even when evaluations are uncertain or
contradictory. The same idea could be used for bike or scooter stations by redefining the vertex attributes to
reflect demand density, connectivity and land-use compatibility.

Nithyanandham et al. [40] applied the concept of domination in bipolar intuitionistic fuzzy graphs to
identify flood-prone regions. In its model, both positive and negative evidence are incorporated, showing
how domination can highlight sites that require intervention despite contradictory evidences. This dual per-
spective is useful in mobility planning, where each candidate site may combine advantages (like high demand
or centrality) with certain disadvantages (like hard traffic or limited space). Through domination, it becomes
possible to identify robust sets of sites that balance competing advantages and disadvantages.

Akram and Waseem [4] study domination in bipolar fuzzy graphs from a broader perspective and demon-
strated its applicability to facility location problems. Their examples illustrate how domination can be used
to select a small set of facilities that adequately represent all alternatives under uncertainty. For transportation
systems, this idea naturally translates into selecting docking sites that cover demand while minimizing cost.

Gong [25] explores several domination numbers in bipolar fuzzy graphs, providing numerical examples
for planning tasks in an urban environment. While it is not exactly devoted to transportation, the algorithms
could be directly redefined to compute the locations of stations once demand and accessibility values are
codified as a fuzzy value.

Finally, Sudakov and Zhukov [52] introduce fuzzy domination graphs in the context of decision sup-
port. Although their case studies are generic, the framework can be easily adapted to order candidate sites for
bike or scooter stations, where dominating subsets offer a natural solution to covering demand under limited
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resources.
In summary, the contributions discussed demonstrate that domination in fuzzy graphs offers a suitable

approach for decision-making under uncertainty. Existing models for charging stations, disaster manage-
ment, and general facility placement can be adapted directly to optimize micromobility infrastructure. By
representing candidate sites as fuzzy vertices and service overlaps as edges, the framework of domination the-
ory provides efficient and interpretable rules for selecting station locations in complex urban environments.

1.2

Complexity of the problem

Most domination parameters are NP-hard to compute, even on restricted graph classes [29]. Nevertheless,
approximation algorithms and heuristics have been widely studied. Greedy algorithms for the set cover prob-
lem yield constant-factor approximations for dominating set. For distance and 𝑘-domination, metaheuristic
approaches such as tabu search, simulated annealing, and genetic algorithms have been applied [17, 33]. For
partial domination metaheuristic approaches were investigated in [43] and parallel algorithms in [30]. Corco-
ran et al. [17] studied heuristic algorithms for 𝑘-domination on street networks. These approaches are essential
in large-scale urban networks where exact optimization is intractable.

1.3

Conclusions

Graph-theoretic approaches, particularly domination and its variants, provide effective tools for optimizing
micromobility facility locations, balancing coverage, accessibility, and equity. Fuzzy graph models enhance
this framework by handling uncertainty and conflicting evidence, enabling robust decision-making.

Despite the extensive theoretical development, several research gaps remain in applying domination in-
variants to micromobility. In particular, the integration of domination-based models with capacity con-
straints and stochastic demand has received little attention. Moreover, dynamic and temporal aspects, such
as time-dependent isolation numbers or rolling-horizon fair domination, have yet to be explored. Addressing
these gaps offers a promising research direction at the intersection of graph theory and micromobility systems.
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Chapter II

Bike-Sharing Systems

Bike-sharing systems (BSS) have become an essential component of sustainable urban mobility by reducing
congestion, complementing public transport, and promoting eco-friendly travel behaviour. Their rapid de-
velopment, from early docked models to modern free-floating systems with e-bikes, has introduced a range
of design and operational challenges. Among these, the rebalancing problem — redistributing bicycles across
stations to counter supply-demand imbalances — remains one of the most critical at the operational level.
In this chapter, we provide a survey of the static bike rebalancing problem (SBRP), which focuses on relo-
cation during off-peak hours using a dedicated fleet of vehicles. We discuss problem variants such as mul-
tiple depots, heterogeneous fleets or the integration of e-bikes and review mathematical models, exact and
heuristic solution methods. Finally, we highlight that addressing the large-scale real-world challenges faced by
bike-sharing systems requires more comprehensive approaches, often combining different methods to achieve
good-enough solutions.

Keywords: Static rebalancing, bike-sharing systems, SBRP, vehicle routing, algorithms, mixed integer linear
programming, complexity.
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Urban bike-sharing systems have emerged as key components of sustainable urban mobility strategies. By
providing flexible access to bicycles without ownership, they aim to reduce traffic congestion and promote
environmentally friendly travel behaviour complementing the traditional transport. A bike sharing system
(BSS) is a transportation service that enables users to rent bikes for short-term use, typically within urban
environments. It offers a sustainable and flexible mobility option, allowing users to pick up and return bikes
at parking stations.

The first-generation of bike sharing systems started in 1965 in the city of Amsterdam with the ”White
Bikes”. As detailed in [12], in this case ordinary bikes painted in white were put at disposal for public use.
However, this program collapsed within days. Afterwards, the second-generation of bike-sharing programs
started in 1991 in Denmark, where they incorporated stations and a coin-based system to pay for the use of the
bikes. In this case, many improvements were made but the anonymity of users continued to encourage theft.
The third-generation of bike-sharing programs started in 1996 in England, where they incorporated a user
tracking system. The interest of this mean of transport exploded in 2007, when Velib’ was launched in Paris.
As mentioned in [2], Velib’ system was largely bigger than previous bike sharing systems. Since then, these
systems have been implemented in a large number of cities worldwide. We refer the interested reader to [12] to
have a complete history of these three bike-sharing systems. The third generation was also known as station-
based bike sharing (SBBS) systems. One of the new considerations in the fourth-generation systems was to
eliminate the need for docks or fixed stations. Therefore, the fourth generation of bike-sharing systems are also
known as free-floating bike sharing (FFBS) systems as mentioned in [35, 43]. Dated from 2014 in China, these
new systems also included features like GPS tracking, electric bikes (e-bikes), and digital payment options to
enhance user experience and operational efficiency.

A bike-sharing system can be described through three main components. The first is the bikes, which
may be purely mechanical, electric (e-bikes), or a combination of both, depending on the system. More-
over, as [31] reflects, in some specific BSS, multiple types of bikes are considered (e.g., bikes with one, two, or
three seats and those with a child-seat). Second, the stations, which can either be fixed with limited capacity
(docked systems) or flexible, allowing bikes to be placed within designated areas without specific capacity con-
straints (dock-less systems). Third, the system includes one or several depots, which are used for performing
maintenance work and/or storing extra bicycles.

In some cases, both repositioning and repairing of bikes are done at the same time, whereas in other
systems, special collection routes for out-of-service bikes are planned. Furthermore, when electrical bikes are
available, some BSS have also specific charging locations. In this chapter, we focus our attention on systems
where the rebalancing process is separated from any other maintenance activities.

There are different sharing-schemes in shared mobility systems. We will focus on the case of one-way
systems, which allow users to pick up a bike at any station and return it to any other station, facilitating
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flexible journeys. On the contrary, two-way systems require users to return the element to the same station
where it was picked up, limiting flexibility but potentially simplifying logistics.

As expected, designing an efficient bike-as-a-service network for citizens is a complex task, with munic-
ipalities and bike-sharing companies facing numerous challenges across multiple levels. The article in [42]
review and systematically classify the existing literature of bicycle-sharing problems at strategic, tactical, and
operational decision levels. Different problems arise at each level, some of them are listed below.

• From the strategic level: the network design (the location of the depot and bikes stations) and the sizing
problem (the optimal fleet dimensioning in terms of vehicles and bikes).

• From the tactical level: the station inventory problem (distribution and capacities), the forecasting of
the demand, the study of pricing policies (incentive programs to influence users behaviour), and the
coordination with other transport modes (multimodal travelling).

• From the operational level: the rebalancing problem (relocate bikes among the stations) and the battery
swapping problem.

We refer the interested readers to some complete reviews about bike sharing systems: [12, 16, 41, 42, 47].
The mathematical problems arising from these systems have received increasing attention. Some interesting
reviews on shared mobility systems from the mathematical modeling point of view can be found in [27, 28].

In the next section, we focus on the rebalancing problem, which arises from imbalances between supply
and demand caused by user behavior in bike-sharing systems. The objective is to develop efficient methods for
redistributing bikes among stations using a fleet of vehicles, thereby preventing both shortages and surpluses.

2.1

The Static Bike Rebalancing Problem

Despite the success and rapid expansion of the BSS in the last century in many cities all over the world, these
systems face an intrinsic operational challenge: the uneven distribution of bicycles across time and space. As
user demand is highly unbalanced and varies between locations and periods of the day, some stations or service
zones often experience shortages of available bikes, while others face excess. In docked systems, the problem is
compounded by the limited number of docking points, which may lead to stations being full or empty, thus
reducing service availability and user satisfaction.

To mitigate these imbalances, operators must implement relocation strategies that restore a more desir-
able system state. Broadly, two categories of approaches can be distinguished: operator-based rebalancing,
where dedicated service vehicles redistribute bicycles, and user-based incentives, where customers are encour-
aged to pick up or return bikes at specific locations. Operator-based relocation is further divided into static
and dynamic rebalancing. Static rebalancing is typically performed during off-peak hours (often at night),
when the system is inactive or user activity is minimal, and the goal is to prepare the system for the next oper-
ating period. In contrast, dynamic rebalancing takes place while the system is active and requires continuous
adjustments in response to real-time demand fluctuations.

This chapter focuses primarily on the Static Bike Rebalancing Problem (SBRP), which can be described
as the task of designing vehicle routes and loading/unloading operations to achieve a target distribution of
bicycles at stations, while minimizing operational costs. That is, given a single commodity initially distributed
among the vertices of a graph and a fleet of capacitated vehicles, the objective is to determine optimal routes
that redistribute the commodity to achieve the target distribution, balancing all the vertices.

SBRP represents a challenging combinatorial optimization problem that is related to classical problems
in transportation and logistics, such as vehicle routing and network flows, but also exhibits specific features.
These include heterogeneous demand across stations, the interdependence of pick-up and delivery opera-
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tions, capacity limitations of relocation vehicles, depot locations, and time restrictions on operations.
Next, we briefly review the literature related to the static rebalancing problem, Mixed Integer Linear

Programming (MILP) formulations and solution methods.

2.1.1 Variants of the Bike Rebalancing Problem

Static rebalancing takes place at night, when traffic is low and user activity is assumed to be negligible. As
mentioned earlier, users cannot interact with the bikes during pickup and delivery operations. The initial
state of the system is assumed to be known and fixed, and the objective of the rebalancing is to move the system
toward a predefined target state. In contrast, in the dynamic repositioning strategies, the bike sharing system
is being used at the same time that bikes are relocated. Usually, these strategies are performed several times
during the day. In [46], the authors propose a hybrid rebalancing framework that simultaneously integrates
dynamic and static rebalancing.

Owing to the practical nature of the bicycle rebalancing problem, numerous variants have emerged in
the literature, reflecting a range of different considerations. Our objective in this section is to provide a brief
overview of these variants. For ease of reading, we will include summary tables throughout this section (see
Tables 2.1 and 2.2) where each row corresponds to an article, mentioning the year of publication and the first
author. We use a short dash (-) to indicate that the column aspect is not mentioned in the corresponding
paper. When some specific option is not allowed for the modeled case, we represent it with a cross (×).

Table 2.1 presents a broad classification of the models proposed in several studies on the Static Rebal-
ancing Problem. We categorize the papers based on how each model estimates demand, the number of bike
types considered, and whether docking stations are required. By ’demand,’ we refer to the number of bikes
required at each station at the conclusion of the rebalancing process. When the demand at each station is
represented by random variables with associated probability distributions, it is referred to as stochastic de-
mand [11]. In contrast, if the demand is known in advance or estimated from historical data, it is termed
deterministic demand. The distinction between point and interval refers to how the objective is achieved:
whether an acceptable range of values is considered or a specific number is targeted for the distribution of
bikes between stations.

Today, most bike-sharing systems (BSS) include both electric and mechanical bikes. When the bikes are
similar, or only a single type is present, we classify the system as a single-bike model. If different bike types
requiring distinct transport vehicle capacities are considered, as in [31], we classify it as a multiple-bike model.
Even in studies that distinguish between damaged and usable bikes, such as [1] and [48], we did not find any
work specifying a required number or percentage for each bike type when similar electric and mechanical
bikes are available.

Bike-sharing systems are generally classified into two main types: docked and dockless. In a station-based
system (SBSS), users can pick up and return bikes only at designated stations, whereas in a dockless system
(FFBS), bikes can be picked up and dropped off anywhere.

The information presented in Table 2.2 summarizes the different options for depot distribution, the
number and types of transport vehicles, and the requirements for rebalancing routes. The options single (S)
and multiple (M) refer to the cases in which the model has only one depot or several ones. The “Empty"
option reflects the cases in which transport vehicles begin the balancing route at the main depot without
bikes, so the rebalancing is made only by redistributing the already existing bikes at stations. If only a single
vehicle is used, it is denoted as single (S). When a fleet of vehicles is employed, it is classified as multiple (M),
with the vehicles being either identical or different (Diff). Regarding route design, vehicles may be required
to start and end at the depot (Cycle), while in other cases this is not mandatory. In some models, visiting
all stations is compulsory (All), whereas in others, a station need not be visited if it already has the desired
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number of bikes. Additionally, multiple visits to the same station may be permitted (M), while in other cases
only a single visit per station is allowed (S).

At the station level, vehicles may occasionally visit the same station multiple times and even use stations
as temporary bike storage. As noted in [2], the rebalancing problem can be classified into two variants: pre-
emptive and non-preemptive. In the preemptive variant (Preemptive), bicycles can be temporarily offloaded
at intermediate locations along the route before being delivered to their final destinations.

In some approaches, the repositioning and maintenance optimization problems are addressed simultane-
ously [24], whereas in other systems special collection routes for out-of-service bikes are planned. Moreover,
bicycles stored at the depot, such as those that were damaged and subsequently repaired, can also be utilized
for rebalancing.

Table 2.2: Static Rebalancing problem classification II.

Depot Vehicle Routing

Year Authors S M Empty S M Diff Cycle All M S Preemptive

2011 Benchimol et al. [2] - - ! ! × × ! !

2013
Chemla, Meunier, and Calvo [4] ! ! ! × ! !

Rainer-Harbach et al. [37] ! ! ! ! × × ! ×
Raviv, Tzur, and Forma [39] ! ! ! ! ! ! !

2014

Chira et al. [7] ! ! ! ! ! ×
Dell’Amico et al. [9] ! ! ! ! ! ×
Erdoğan, Laporte, and Calvo [15] ! ! ! × ! ×
Ho and Szeto [22] ! ! × × ! ×

2015
Erdoğan, Battarra, and Calvo [14] ! ! ! × ! !

Forma, Raviv, and Tzur [17] ! ! ! × ! ×
Rainer-Harbach et al. [38] ! ! ! ! × ! !

2016

Alvarez-Valdes et al. [1] ! ! × × ! ×
Dell’Amico et al. [10] ! ! ! ! ! ×
Gaspero, Rendl, and Urli [20] ! ! ! × ! ×
Kadri, Kacem, and Labadi [25] ! ! × ! ! ×
Li et al. [31] ! ! ! × ! ×
Szeto, Liu, and Ho [44] ! ! ! × ! ×

2017

Cruz et al. [8] ! ! ! ! ! × ! ×
Ho and Szeto [23] ! ! ! × ! !

Pal and Zhang [35] ! ! ! × × ! ×
Schuijbroek, Hampshire, and Van Hoeve [40] ! ! × × ! !

2018

Dell’Amico et al. [11] ! ! ! ! ! ×
Leclaire and Couffin [29] ! ! × ! ×
Liu, Szeto, and Ho [32] ! ! ! ! × × ! !

Szeto and Shui [45] ! ! ! ! - - ! ×

2019 Lahoorpoor et al. [26] ! ! ! × ! ×
Wang and Wu [48] ! ! ! ! ! ! ×

2020 Du et al. [13] ! ! ! ! × ! ! !

2021 Li and Liu [30] ! ! ! ! × ! ×
Ma et al. [34] - - ! ! - - ! ! - -

2023 Lu, Gao, and Huang [33] ! ! ! ! ! - -

2024 Yu et al. [50] ! ! ! × ! - -
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Traditionally, the rebalancing strategies have been classified as operator-based or user-based strategies. In
the first case, the system operator relocates bikes using their fleet of vehicles. In the second case, the compa-
nies apply user incentives in order to modify users behaviors, promoting the use of certain strategic stations
helping to rebalance the system. Some studies consider rebalancing incentives (i.e., static and dynamic pric-
ing schemes), for example, when riders are offered discount to pick up/drop off bikes from/at nearby stations
that are full/empty or expected to become full/empty in the near future ([18, 21, 36]). It is not clear whether
both strategies are equally effective, as highlighted by [19] in their study of the bike-sharing system in the
Sacramento region (California, USA).

In the literature, different objective functions have been considered: travel cost, total redistribution cost
(travel and loading/unloading), total absolute deviation from the target value, total unmet demand, makespan
of the rebalancing fleet, etc.

In [35], two categories of rebalancing are distinguished: partial and complete. Partial rebalancing allows
some nodes to fall short of the target inventory, whereas complete rebalancing requires that all nodes meet
their target levels. Since complete rebalancing may be infeasible in certain instances, allowing partial rebalanc-
ing can be useful for finding feasible solutions.

Numerous emerging variants of the SBRP consider factors such as demand uncertainty [3], demand
estimation under uncertainty [1, 11], or the simultaneous optimization of rebalancing and battery-swapping
strategies [49].

2.1.2 Complexity of the Bike Relocation Problem

The SBRP entails a Vehicle Routing Problem (VRP) that additionally requires determining the quantities of
bikes to be picked up and dropped off. As explained, for instance, in [9], the SBRP can be regarded as a special
case of the One-Commodity Pickup-and-Delivery Capacitated VRP, where vehicles transport bikes from
certain nodes to others within the network. A key distinction is that the number of bikes to be transported
between stations is a decision variable. The problem can also be interpreted as a variant of Many-to-Many
VRPs, in which a request may involve multiple origins (pickup stations) and multiple destinations (drop-off
stations).

As noted in [3, 5, 9], the SBRP is NP-hard, even in the single-vehicle case. When the bike repositioning
problem involves only one vehicle, it can be viewed as a generalization of the One-Commodity Pickup-and-
Delivery Traveling Salesman Problem [15]. Therefore, MILP formulations are intractable to solve large in-
stances. Hence, as detailed in the following section, efficient algorithms are usually developed in the literature
to solve real-world case scenarios.

2.1.3 Formulations and solution methods

The main objective of this section is to review the existing literature on the static rebalancing problem, with
an emphasis on mixed integer programming formulations and solution procedures devised specifically for this
problem. As in the previous sections, we will use summary tables along the section with the same notation as
before (see Tables 2.3, 2.4 and 2.5).

Developing a suitable MILP formulation for a real case application is not an easy task. For instance, in [29]
the authors directly propose a method to construct an MILP formulation for the rebalancing problem based
on the use of Unified Modeling Language graphical class diagram with the problem properties. Most of the
MILP formulations for the SBR problem are summarized in Table 2.3 according to the number of indices
used (2, 3, 4 or 5-index formulation). In [9], one of the two-index formulation proposed is based on the Mul-
tiple Traveling Salesman Problem (m-TSP) formulation. Some of the three-index formulations are flow-based
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formulation with Miller-Tucker-Zemlin (MTZ) subtour elimination constraints. Due to the complexity of
the problem when solving real world instances, the two-index formulations are the most commonly used in
the literature.

Various other methodologies have also been explored in the literature for this problem, including con-
straint programming [20], nonlinear programming [30, 38], stochastic models [6, 11, 34, 50], and cluster-based
approaches [26].

Table 2.3: MILP formulations for the Static Rebalancing problem.

# Index Formulation

Year Authors 2 3 4 5 Comments

2013 Chemla, Meunier, and Calvo [4] !

Raviv, Tzur, and Forma [39] ! !

2014

Chira et al. [7] !

Dell’Amico et al. [9] ! Based on (m-TSP) and Flow model
Erdoğan, Laporte, and Calvo [15] !

Ho and Szeto [22] !

2015 Erdoğan, Battarra, and Calvo [14] !

2016

Dell’Amico et al. [10] ! Based on Dellamico2014
Kadri, Kacem, and Labadi [25] !

Li et al. [31] !

Szeto, Liu, and Ho [44] !

2017
Ho and Szeto [23] ! Revised from Raviv2013
Pal and Zhang [35] !

Schuijbroek, Hampshire, and Van Hoeve [40] ! Based on Raviv2013

2018 Liu, Szeto, and Ho [32] !

Szeto and Shui [45] !

2019 Wang and Wu [48] !

2020 Du et al. [13] !

2023 Lu, Gao, and Huang [33] !

Exact solution methods are enumerated in Table 2.4. We give a brief description of the methodology used
as well as the data used on the paper. Note that the work of [20] focuses on constraint programming, while
the work of [11] uses stochastic programming.

Table 2.4: Exact solution approaches.

Year Authors Description Instances

2013 Raviv, Tzur, and Forma [39] Arc deletion to reduce variables Real-world data
2014 Dell’Amico et al. [9] Branch-and-cut algorithm. Real-world data

Erdoğan, Laporte, and Calvo [15] Branch-and-cut algorithm with Bender’s cuts Literature instances
2015 Erdoğan, Battarra, and Calvo [14] Separation method based on Bender’s cuts Literature instances
2016 Gaspero, Rendl, and Urli [20] Branch-and-bound algorithm. Real-world data
2018 Dell’Amico et al. [11] Multi-cut L-Shaped method and Branch-and-cut Adapt Real-world data

Most of the exact solution approaches are limited to small size instances, while large instances require the
use of non-exact methods. The non-exact methods proposed to this problem are summarized in Table 2.5,
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including approximation methods (A), heuristics (H), meta-heuristic (M) and math-heuristic (Ma). We give
a brief description of the proposed algorithm in the last column of Table 2.4. As observed, a wide variety
of algorithms have been employed, ranging from branch-and-cut methods to genetic algorithms and other
nature-inspired optimization techniques. In some approaches, the original problem is simplified by decom-
posing it into more manageable sub-problems, which are solved in separate steps. Some of these methods
yield sufficiently accurate solutions for larger real-world instances within a reasonable amount of time. We
particularly highlight the works of [17] and [40], in which the original network is first clustered into distinct
zones, and routing decisions are subsequently made independently within each zone.

Today, bike-sharing systems are implemented in most major cities worldwide. Several real-world instances
have been used in the literature to evaluate the performance of proposed methods, including Barcelona [7],
Paris [17, 22, 39], Washington [6, 39, 40], and Shanghai [33, 50], among others. A comprehensive collection
of real-world instances with real data from different cities is presented in [9, 10].

2.2

Conclusions

The static rebalancing problem is a central operational challenge in bike-sharing systems, directly affecting
service quality and system sustainability. Over the past two decades, research has produced a variety of math-
ematical models and algorithmic approaches, yet significant gaps remain in addressing large-scale, uncertain,
and heterogeneous environments. Bridging these gaps will require hybrid methods that combine optimiza-
tion, heuristics, and data-driven prediction, ensuring that theoretical advances translate into practical im-
provements for real-world systems.

The comparative perspective provided in our tables further illustrates the diversity and limitations of ex-
isting approaches. Table 2.1 highlights how modeling choices vary with respect to demand estimation, bicycle
heterogeneity, and the presence or absence of docking stations. Table 2.2 reflects operational factors such as
depot configurations, fleet composition, and routing requirements. Tables 2.3-2.5 underline that, while MILP
formulations give a rigorous framework, exact algorithms struggle with scalability, leading researchers to rely
heavily on heuristics and metaheuristics. Together, these insights highlight that addressing the large-scale
real-world challenges faced by cities operating bike-sharing systems requires more comprehensive approaches,
often combining multiple methods to achieve the most effective solutions.
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Table 2.1: Static Rebalancing problem classification I.

Demand Bikes Stations

Year Authors Det. Stoch. Point Int. Single Mult. Docked Dockless

2011 Benchimol et al. [2] ! ! ! !

2013
Chemla, Meunier, and Calvo [4] ! ! ! !

Rainer-Harbach et al. [37] ! ! ! !

Raviv, Tzur, and Forma [39] ! ! ! !

2014

Chira et al. [7] ! ! ! !

Dell’Amico et al. [9] ! ! ! !

Erdoğan, Laporte, and Calvo [15] ! ! ! ! !

Ho and Szeto [22] ! ! ! !

2015
Erdoğan, Battarra, and Calvo [14] ! ! ! !

Forma, Raviv, and Tzur [17] ! ! ! !

Rainer-Harbach et al. [38] ! ! ! !

2016

Alvarez-Valdes et al. [1] ! ! ! !

Dell’Amico et al. [10] ! ! ! !

Gaspero, Rendl, and Urli [20] ! ! !

Kadri, Kacem, and Labadi [25] ! ! ! !

Li et al. [31] ! ! ! !

Szeto, Liu, and Ho [44] ! ! ! !

2017

Cruz et al. [8] ! ! ! !

Ho and Szeto [23] ! ! ! !

Pal and Zhang [35] ! ! ! !

Schuijbroek, Hampshire, and Van Hoeve [40] ! ! ! ! !

2018

Dell’Amico et al. [11] ! ! ! !

Leclaire and Couffin [29] ! ! ! !

Liu, Szeto, and Ho [32] ! ! ! !

Szeto and Shui [45] ! ! ! !

2019 Lahoorpoor et al. [26] ! ! ! !

Wang and Wu [48] ! ! ! !

2020 Du et al. [13] ! ! ! !

2021 Li and Liu [30] ! ! ! !

Ma et al. [34] ! ! ! !

2023 Chen et al. [6] ! ! ! !

Lu, Gao, and Huang [33] ! ! ! !

2024 Yu et al. [50] ! ! ! !
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Table 2.5: Non-exact solution approaches.

Year Authors Type Description

2011 Benchimol et al. [2] A Solve the problem in polinomial time for special cases.

2013
Chemla, Meunier, and Calvo [4] Ma Step 1. Branch-and-cut algorithm to solve the MILP Relaxation.

Step 2. Tabu search algorithm initialized with the previous solution.
Rainer-Harbach et al. [37] M VNS algorithm.

VND algorithm for local improvement.
Maximum Flow Based Method.

Raviv, Tzur, and Forma [39] H Step 1. Compute the routes relaxing integrality over loading variables.
Step 2. Fixing the routes and compute the loading values.

2014 Chira et al. [7] M Approach based on GAs.
Approach based on Ant colony systems.

Ho and Szeto [22] H Iterated Tabu Search Constructive algorithm.

2015
Erdoğan, Battarra, and Calvo [14] M Greedy Constructive algorithm.
Forma, Raviv, and Tzur [17] Ma Step 1. Cluster Stations.

Step 2. Routing decisions.
Step 3. Solve original problem fixing previous information.

Rainer-Harbach et al. [38] M Fast Greedy Constructive algorithm.
PILOT algorithm with GRASP algorithm.
VND to locally improve solutions.

2016

Alvarez-Valdes et al. [1] Ma Step 1. Calculating the target number of bicycles per station.
Step 2. Constructing the repositioning routes for the vehicles.

Dell’Amico et al. [10] M Constructive algorithm applying solution properties.
Gaspero, Rendl, and Urli [20] M LNS algorithm.
Kadri, Kacem, and Labadi [25] M Branch-and-bound with Genetic, Greedy Search and Nearest Neighbor.
Li et al. [31] M Combined hybrid genetic algorithm in two phases:

Step 1. Determine routing decisions.
Step 2. Determine loading and unloading decisions.

Szeto, Liu, and Ho [44] M Step 1. CRO to handle the vehicle routes.
Step 2. Subroutine to determine the loading and unloading quantities.

2017

Cruz et al. [8] H Iterated Local Search based algorithm.
Ho and Szeto [23] M Hybrid LNS algorithm.

Tabu search is further applied to the most promising solutions.
Pal and Zhang [35] M Hybrid Nested LNS with VND algorithm.
Schuijbroek, Hampshire, and Van Hoeve [40] H Step 1. Cluster stations.

Step 2. Single-vehicle routing problem at each cluster.

2018
Dell’Amico et al. [11] H Algorithms based on correlations among stochastic variables.
Liu, Szeto, and Ho [32] M Enhanced version of CRO from [44].
Szeto and Shui [45] M Enhanced Artificial Bee colony algorithm

2019 Lahoorpoor et al. [26] M Approach based on GA

2020 Du et al. [13] M Greedy-Genetic Algorithm

2021 Li and Liu [30] M Bi-level VNS algorithm
Ma et al. [34] M Approach based on GA

2023 Chen et al. [6] H Bisection-search Algorithm.
Lu, Gao, and Huang [33] H Clustering Algorithm.

2024 Yu et al. [50] H Two-stage robust model based on spatio-temporal networks.
Customized column-and-constraint generation algorithm.

A: Approximation ; H: Heuristic; M: Meta-Heuristic; Ma: Math-Heuristic
GA: Genetic Algorithm; GRASP: Greedy Randomized Adaptive Search Procedures;
VND: Variable Neighborhood Descent; VNS: Variable Neighborhood Search; LNS: Large Neighborhood Search; PI-
LOT: Preferred Iterative LOok ahead Technique; CRO: Chemical Reaction Optimization;
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Chapter III

Charging Systems

Electric scooters (e-scooters) are important to urban micromobility as they provide a convenient solution for
short-distance travel in cities. The growth in e-scooter usage necessitates efficient charging systems. The E-
Scooter Chargers Allocation (ESCA) problem optimizes charging operations by designing routes for chargers
to either collect e-scooters or swap their batteries, ensuring each e-scooter is visited once, respecting chargers’
capacity limits, and minimizing total travel distance. This chapter primarily surveys recent studies on infras-
tructure availability, technological considerations, and the effectiveness of e-scooter charging systems, while
also exploring research on e-bike charging systems for its potential relevance to e-scooter charging systems.
Current unregulated systems encourage competition, violence, and inefficiencies. Efficient ESCA solutions
can enhance on-time charging, reduce conflicts, and promote sustainable e-scooter operations.

Keywords: e-scooters, charging systems, micromobility, battery swapping, rebalancing, mixed integer linear
programming.
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Electric scooters (e-scooters) and electric bikes (e-bikes) have become an integral component of urban mobil-
ity, offering a convenient solution for short-distance travel. Their fast-growing usage in cities shows the need
for better charging options. These shared micromobility services use two charging methods: collection-based

charging, where e-scooters or e-bikes are gathered at specific locations for charging, and on-site charging, which
involves battery swapping at the micromobility vehicle’s location. This chapter aims to explore the findings
of recent studies that consider user preferences, infrastructure availability, technological considerations, and
the effectiveness of these charging systems.

Many e-scooter/e-bike companies use freelancer chargers who compete to collect and charge these vehi-
cles. There is no regulation on the assignment of these vehicles to chargers, and the current practice is based
on a ‘first come, first served’ system. This increases competition, encourages violence, and leads to longer dis-
tances traveled to collect these micromobility vehicles by chargers. Efficiently allocating charging personnel
to these vehicles can ensure timely recharging while also enabling higher earnings for the personnel.

In this chapter, we will review the relevant literature on charging and battery swapping systems for e-
scooters and e-bikes and highlight open research directions.

3.1

Charging systems for e-scooters

The E-Scooter Chargers Allocation (ESCA) problem aims to optimize e-scooter charging operations within
a city [3]. Specifically, it involves finding optimal tours for all chargers to pick up e-scooters in the form of
routes, such that each route contains one charger, each e-scooter is visited only once by the set of routes, and
the total travel distance for chargers is minimized. In this scenario, chargers move from certain starting points
such as charging stations or their homes to collect assigned e-scooters. Each charger has a maximum capacity
limit that must not be exceeded during the collection process.

Masoud et al. [3] addressed the challenges of freelance chargers competing to collect and charge dockless
e-scooters, which leads to inefficiencies and potential conflicts. They formulated the problem as a mixed-
integer linear programming (MILP) model to minimize the average distance traveled by chargers. Addition-
ally, due to MILP’s computational complexity for large-scale instances, the authors adapted two heuristic al-
gorithms—the College Admission Algorithm (ACA) and the Black Hole Optimizer (BHO)—as alternative
approaches to find near-optimal solutions more efficiently, with ACA performing closer to optimal MILP re-
sults than BHO and being recommended for large instances. Later, Masoud et al. [4] refined the ESCA as an
NP-complete generalized assignment problem, reiterating the MILP formulation and heuristic approaches
ACA and BHO. Experimental results on small and medium cases shows ACA’s superiority in balancing op-
timality and computational efficiency, recommending it for real-world large-scale instances.

Extending this study, in [5], Masoud et al. advanced the ESCA framework by focusing on static alloca-
tion scenarios, where e-scooter and charger positions are fixed resembling an urban environment like Bris-
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bane, Australia, where chargers use private vehicles to collect e-scooters. They developed an MILP model for
optimal tours assigning e-scooters to chargers, minimizing total costs including travel and recruitment, and
adapted a simulated annealing (SA) metaheuristic to approximate near-optimal solutions to efficiently handle
large-scale instances.

With the introduction of e-scooters with swappable batteries, new charging systems have emerged, mov-
ing beyond the collection-based charging of e-scooters with fixed batteries, while some research studies also
consider concepts like rebalancing alongside charging to optimize operational efficiency. Rebalancing sim-
ply means moving e-scooters from areas with too many vehicles to places where more people need them. The
objective is to ensure that e-scooters are available to users whenever and wherever needed, while also maintain-
ing sufficient battery charge. Due to high costs and inefficiencies, many e-scooter companies have transitioned
from crowd-based to operator-based overnight charging and rebalancing. However, it remains a significant
operational challenge to ensure that all e-scooters are fully charged and placed in a reliable yet cost-effective
manner.

The authors in [6] proposed an alternative to conventional depot-based charging, which is an on-board
charging strategy that allows e-scooters to recharge while being transported during relocation tours. This ap-
proach improves operational flexibility, reduces downtime, and eliminates the need for stationary charging
stops. They formulated the problem as an MILP under a multi-commodity inventory routing framework,
treating scooters of different state-of-charge levels as separate commodities. To ensure scalability, they intro-
duced a discrete-continuous hybrid model that integrates zone-level continuous approximations with discrete
routing decisions. The computational results, including a case study in Washington, D.C., demonstrate that
the proposed approach provides high-quality solutions with significantly reduced computation time.

Çakır et al. [1] addressed the operational planning for collecting low-charge e-scooters and battery replace-
ment by proposing a time-constrained MILP model based on the milk-run logistics approach. The objective is
to minimize the total cost, including travel distances, penalties for violating location-specific time windows,
and penalties for unvisited demand points. In the proposed system, identical trucks depart from a central
hub to perform either on-site battery replacements or collect e-scooters with fixed batteries to transport them
back to the depot. Each location has predefined parameters such as time windows, product volumes, and
loading durations. The model incorporates routing decisions, arrival times, and capacity constraints to en-
sure efficient vehicle utilization. A numerical case study based on an e-scooter sharing operator in Istanbul
demonstrates the applicability of the model, revealing the impact of time window constraints on route con-
figuration and total system cost. The results highlight the trade-off between operational efficiency and service
punctuality, emphasizing the need for strategic planning in micromobility logistics under temporal and spa-
tial constraints.

The work in [9] introduced energy-informed demand, a concept that integrates battery levels and en-
ergy consumption into predicting user demand for shared electric vehicles like e-scooters and e-bikes. Their
framework, RECOMMEND, optimizes vehicle rebalancing and charging by using real-time data on usage,
battery status, and demand patterns to make coordinated decisions, improving on traditional methods that
handle these tasks separately. The framework was tested using real-world data from a micromobility opera-
tor, with experiments demonstrating its potential to enhance service reliability and operational efficiency in
urban environments. By addressing the interplay between vehicle placement and energy needs, RECOM-
MEND ensures vehicles are both available and sufficiently charged to meet user needs.

Lee et al. [2] presented a comprehensive mixed-integer programming (MIP) model for optimizing bat-
tery swapping, vehicle rebalancing, and staff routing in free-floating electric scooter (FES) systems. Unlike
station-based systems, FES requires addressing spatially dispersed demand and vehicle states under opera-
tional constraints. The proposed model maximizes profit by balancing expected revenue—derived from meet-
ing regional demand with sufficiently charged scooters—with operational costs, including battery-swapping,
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loading, and routing times. The formulation captures detailed system dynamics by modeling scooter-level
decisions, staff time budgets, vehicle capacities, and endogenous drop-off locations, while explicitly allowing
battery swapping even without vehicle relocation. The study incorporates various solution components such
as MST-based clustering and vehicle routing logic and evaluates them through illustrative examples. Notably,
it assumes staff do not return to the depot mid-route and imposes no explicit limit on the number of swap-
pable batteries carried. The framework provides a rigorous decision-support tool for operators managing FES
logistics under real-world constraints.

In [7], Osorio et al. explored how to manage overnight charging and repositioning of shared e-scooters
in a system using charging hubs. In the considered scenario, a vehicle starts from a central depot, collects low-
battery scooters from various locations, and takes them to hubs with limited space for overnight charging.
The next day, it redistributes the charged scooters to the required points before returning to the depot. Each
scooter has a different battery level, which improves during charging. The researchers first use an MILP to
plan the vehicle’s route, decide pick-ups and drop-offs, and track battery levels all at once. However, this
model is slow for large systems, so they develop a faster hybrid model that groups locations into zones and
estimates routes, achieving near-optimal results with less computing time. Using a case study implemented in
Washington, D.C. with 392 locations and 4 hubs, they find that having multiple smaller charging hubs with
several vehicles is much more efficient than one central hub. The study highlights the value of spread-out
charging hubs and suggests future research on adding battery-swapping tech, real-time route planning, and
handling unpredictable demand in e-scooter systems.

Table 3.1 consolidates the main insights and approaches from the reviewed studies, offering a concise
summary of the shared e-scooter charging systems.

Paper Problem Model Objective Method / Algorithm Case Study

Masoud et al. [3] Optimal assignment of
scooters to chargers

MILP Minimize distance + penalty
for new chargers

MILP, ACA (College Admis-
sion), BHO

—

Masoud et al. [4] Assignment of scooters to
freelance chargers

MILP Minimize average distance MILP (small), ACA, BHO Brisbane, Australia

Osorio et al. [6] Optimal rebalancing +
on-board charging

MIP Maximize net benefit (rev-
enues – costs)

Hybrid discrete–continuous
approx. + MIP

Washington, DC (USA)

Masoud et al. [5] Assignment of scooters to
freelance chargers

MILP Minimize distance + charger
deployment cost

Simulated Annealing (SA) Brisbane, Australia

Tan et al. [9] Joint rebalancing and
charging with energy-
informed demand

STMIP Maximize net revenue (trip
income – charging & rout-
ing costs)

Multi-Agent RL + demand
prediction + STMIP

China (operator dataset)

Çakır et al. [1] Milk-run with time win-
dows for battery collec-
tion/replacement

MILP Minimize total cost (routing
+ time)

VRP with time windows
(milk-run)

Istanbul, Türkiye

Lee et al. [2] Battery swapping + ve-
hicle rebalancing + staff
routing (free-floating)

MIP Maximize profit (served de-
mand – operational cost)

Clustered Iterative Construc-
tion Approach (CICA)

Seoul, South Korea

Osorio et al. [7] E-scooter collection, hub
charging, redistribution

MIP Minimize operational cost
(routing + charging)

Hybrid discrete–continuous
model, direct MIP

Washington DC

Table 3.1: Comparative Analysis of Studies on E-Scooter Charging Systems

3.2

Charging systems for e-bikes

Electric bike-sharing systems (EBS) are experiencing swift growth as a convenient mode of short-distance
travel. This rapid expansion highlights the necessity for efficient charging infrastructure to facilitate their
widespread adoption. Although e-bike charging systems share similarities with e-scooter charging systems,
such as the use of battery-swapping mechanisms, they differ in their infrastructure requirements and power
demands.
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E-bike systems face critical challenges in ensuring sufficient battery availability at stations. Since there is
no charging infrastructure at docking points, operators must use trucks to swap depleted batteries for fully
charged ones from a central warehouse. The main challenge is that trucks often need to perform multiple
replenishment trips, exacerbated by the variable and unpredictable battery demand at stations due to fluctu-
ating user behaviors.

Yang et al. [11] modeled this operational problem as a vehicle routing problem with intermediate stops and
soft time windows. They proposed a hybrid solution framework that combines a dynamic planning strategy,
in which the planning horizon is divided and updated iteratively according to real-time demand information,
with a multiple neighborhood search algorithm for efficient route optimization. Benchmark tests and a real-
world case study in Shanghai demonstrate that this approach significantly improves system performance as
it reduces transportation costs by approximately 11.5% compared to static planning while enhancing service
quality and robustness.

Free-floating bike-sharing systems also present significant challenges regarding rebalancing and mainte-
nance. China has introduced a new generation of electric bike-sharing systems (EBSS), which combine the
flexibility of free-floating services with the control of electric fenced parking zones [12]. In these systems, users
must return bikes to designated zones. Charging is managed through a central depot and a network of street-
side battery cabinets. Two groups of staff support these operations: swappers, who replace depleted batteries,
and relocators, who redistribute bikes to balance supply and demand.

Zhou et al. [12] developed a Markov chain-based framework for EBSS that considers bike inventory and
battery levels at stations and cabinets. The authors introduced a one-step Markovian strategy for adaptive
short-term operations and a rolling-horizon strategy for long-term planning that is globally optimal. Using
real operational data from Xiamen, they conducted numerical experiments which demonstrate that these
strategies substantially outperform existing rule-based practices. Together, they lead to more than a 20% im-
provement in profit, enhanced service quality, and greater operational sustainability.

Shao et al. [8] addressed the large-scale operational problem of battery swapping in city-wide EBSS by
modeling the problem as an MILP formulation of a multi-depot vehicle routing problem with intermediate
facilities and soft time windows. The system assumes that trucks leave from distributed depots, repeatedly
visit warehouses to collect fully charged batteries, and swap depleted ones at e-bike stations within flexible ser-
vice intervals. The authors suggest a three-stage heuristic to overcome the computational difficulty of solving
the MILP directly for city-scale instances: (i) capacitated k-medoids clustering to partition the city into service
regions anchored by warehouses, (ii) fan-shaped clustering of stations within each region to reduce problem
size and align with driver practices, and (iii) a two-layer Adaptive Large Neighborhood Search (ALNS) that
iteratively improves intra- and inter-cluster routing. Tested on Hefei’s EBSS with 4,500 stations, the frame-
work reduces costs by about 25% compared to grid-based clustering, while delivering near-optimal quality
with only 0.5% of the computation time required by direct ALNS.

The EBSS battery swapping problem is precisely described by the suggested MILP formulation at the
modeling level [8]. The proposed MILP formulation minimizes total travel distance, vehicle operating costs,
and penalty costs for violating soft time windows where early swaps waste charging resources and late swaps
result in lost demand. Sets and parameters cover e-bike stations, depots, warehouses, vehicle capacities, his-
torical demand, and service time windows. Decision variables include binary arc selections, warehouse visits,
and depot assignments, alongside continuous variables for arrival times, onboard battery loads, and penalty
linearizations. Constraints guarantee feasibility by enforcing capacity, time, and visit requirements. Impor-
tantly, the MILP is solvable by commercial solvers only for small instances; for large-scale, city-wide problems,
the three-stage heuristic serves as a scalable solution method complementing the MILP, ensuring practical ap-
plicability while maintaining solution quality.

In their research work, Yang et al. [10] studied the battery swapping problem in dockless e-bike sharing
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systems, focusing on how to reduce both truck routing costs and user incentive costs. The authors introduce
algorithms that combine vehicle routing optimization with a distance-aware incentive mechanism, encour-
aging users to relocate bikes to more convenient parking locations. By integrating these two aspects, their
approach reduces the number of truck stops needed for battery swapping while keeping incentives at a rea-
sonable level. Simulation results with real-world data show that the proposed methods outperform classical
routing heuristics, highlighting the value of incentive-assisted routing strategies for efficient e-bike battery
swapping operations.

3.3

Conclusions

This survey highlights the crucial role of charging systems in supporting urban micromobility by focusing on
e-scooters and e-bikes and by providing efficient and sustainable solutions for short-distance travel. The E-
Scooter Chargers Allocation (ESCA) problem focuses on creating charger routes to collect or swap e-scooter
batteries, ensuring each scooter is serviced once, following capacity limits, and reducing travel distance. Re-
cent studies show challenges like limited charging stations and issues in unregulated systems, which often
lead to competition and inefficiencies. By reviewing infrastructure, technology, and performance, this sec-
tion points to ways to improve timely charging and support sustainable e-scooter use, helping expand urban
micromobility networks.

The section on e-bike charging systems adds value by exploring their potential connection to e-scooter
charging. Research on e-bikes shows unique challenges, such as managing batteries in station-based and free-
floating systems, driven by changing user patterns and spread-out locations. While e-bike systems share fea-
tures with e-scooters, like battery-swapping, they differ in their station needs and power use, offering useful
solutions for micromobility. This section shows the benefit of studying related systems to address common
issues in urban transport.

In summary, improving charging systems for e-scooters, with insights from e-bike research, is key to
strengthening urban micromobility. Effective ESCA solutions can reduce inefficiencies, limit conflicts, and
promote eco-friendly transport networks. Future work should focus on using smart charging systems and
predicting demand to tackle the challenges of e-scooter and e-bike systems.
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Chapter IV

Public Transportation

Planning in public transportation requires coordinated decisions across multiple levels, from designing net-
works to managing daily operations. Strategic planning determines system capacity through choices on de-
pots, fleets, and routes. Tactical planning aligns supply with demand by setting service frequencies and timeta-
bles, while operational planning allocates vehicles and crews to scheduled trips. The associated optimization
tasks — line planning, timetabling, vehicle and crew scheduling, and rostering — are computationally de-
manding, particularly when considered together. To address these challenges, both sequential and integrated
solution approaches have been studied. This review surveys key problem classes and also includes graph-
theoretic concepts that support transportation and traffic control analysis.

Keywords: Crew scheduling, vehicle scheduling, rostering, public transportation, timetabling, traffic con-
trol.
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Public transport systems are a large and complex hierarchy of interconnected planning problems, where
higher-level decisions affect the set of feasible solutions at lower levels. Optimization problems in public trans-
portation are often categorized into three different planning phases: strategic, tactical, and operational [47].

The strategic level is responsible for long-term structural decisions that affect the size and infrastructure
of the entire system, such as the design of the transit network, as well as decisions about depot locations and
the size and heterogeneity of the fleet. At the tactical level, medium-term choices responsible for the provided
service are made: the planning of lines and their frequencies, ultimately resulting in timetables. These are
the decisions that connect the physical transport network with potential passenger flows and determine the
service tasks to be executed in the scheduling phase. The final operational level is responsible for the creation
of the actual day-to-day schedules through the assignment of vehicles and drivers to the tasks arising in the
system.

The main optimization problems distinguished within this hierarchy are usually the following:
• Line planning: determines the routes of public transport lines and the places of stops on these.
• Timetabling: defines departure and arrival times of the service trips along the lines determined previ-

ously.
• Vehicle scheduling: assigns timetabled trips to individual vehicles in the fleet of the company, depend-

ing on constraints such as fleet size and vehicle types, depot capacities and other operational regulations.
• Crew scheduling: constructs feasible daily shifts by grouping vehicle duties into assignments that

satisfy worker regulations.
• Crew rostering: assigns daily shifts to actual employees over a planning horizon, taking into account

labor laws and contractual regulations.
Each of the above subproblems is computationally hard even when considered alone, and their inter-

dependence further increases the complexity of solving multiple subseqent stages together efficiently. As a
result, the literature has focused both on the development of sequential algorithms for solving subproblems
individually and on integrated approaches that simultaneously address multiple levels of decision making.

This review will follow the outline above to present the most important general concepts of public trans-
port and introduce other problem variations that might arise in the daily scheduling process of public trans-
port companies.
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4.1

Vehicle scheduling

Block time scheduling, also known as the vehicle scheduling problem (VSP) is a pivotal optimization
challenge within public transportation systems. Its core objective is the efficient assignment of vehicles to

a predetermined timetable of trips by minimizing operational expenditures, particularly those associated
with vehicle fleet size and non-revenue-generating activities such as layovers and deadhead trips, all while
upholding service reliability.

Timetabled trips represent the individual service activities that the vehicles have to cover, transferring
passengers between two terminal stations - also visiting the corresponding intermediate stations - in a given
time interval. Timetabled trips are defined by four important characteristics: starting and ending location,
and departure and arrival time. A vehicle block is a set of pairwise compatible timetabled trips, where com-

patibility of two trips means that they can be serviced by the same vehicle without any time conflict.
Two sequential timetabled trips do not necessarily have to end and start at the same location, a vehicle

can change locations without carrying passengers through travel activities called deadhead trips.
The prominent formulations are as follows:

• Network Flow Models,
• Set Partitioning/Covering Models.

Both types of formulations need a representation of the underlying network structure. Connection net-
works or time-space networks are utilized for this purpose.

The single-depot vehicle scheduling problem (SD-VSP) is introduced in [9]. Multiple-depot VSP (MD-
VSP) has attracted more attention since the 1990s and has been shown to be an NP-Hard problem in [7].

One of the early approaches to the solution of the problem proposes a multi-commodity flow formu-
lation of the MD-VSP and develops a column generation technique based on Lagrangian pricing with an
application to three German public transportation companies [54]. Specialized branch and cut approaches
are also proposed for its solution [39].

In this section, we consider integrated formulations of VSP and Crew Scheduling. Integrated for-
mulations in which vehicle scheduling is performed simultaneously with crew scheduling appeared first in
the airline industry (see, e.g., [6]). The sequential workflow first builds vehicle blocks to minimize the fleet
and deadheads. Then, it tries to fit crew duties to those blocks, considering breaks, spread, and costs. This
approach can miss important couplings between vehicle and crew planning. An integrated model can trade
small vehicle changes for big improvements in crew feasibility and cost.

In the context of public bus planning, flow-based formulations are proposed in time space networks,
and columns-based solutions have been shown to be effective for the integrated vehicle and crew scheduling
problem [46, 49, 70]. Set partitioning/covering formulations are also available and can solve larger instances
of the problem [59].

Recent approaches extend beyond traditional deterministic assumptions by incorporating stochastic and
data-driven models, which account for real-world uncertainties and delays to enhance adherence and ro-
bustness of the schedule [3, 68]. Applications to electric buses are considered where the underlying vehicle
scheduling problem has to explicitly consider recharging batteries [31, 65].

42 Deliverable D2.1



Crew scheduling 4.2

4.2

Crew scheduling

In the literature, the crew scheduling problem has been studied in various transportation domains such as
airlines, rails, and urban bus systems. Each of these domains brings its own operational, regulatory, and orga-
nizational challenges, which in turn shape the extensions and approaches developed to address them. In the
context of public transportation, researchers have explored many different directions, such as incorporating
labor regulations and union agreements, enforcing time-related restrictions, considering driver preferences,
promoting fairness and workload balance, linking crew scheduling with vehicle scheduling, and designing
robust solutions that can withstand fluctuations in demand or unexpected disruptions [3, 12, 76, 84, 85].

Several survey studies have offered valuable insights into the crew scheduling problem across different
transportation domains. One of the most influential works, Ernst et al. [18], provided a detailed classification
of personnel scheduling and rostering methods, laying the foundation for subsequent research. Desaulniers
et al. [17] extended this perspective by situating public transit crew scheduling within the broader framework
of transportation operations. Building on this, Vera et al. [78] highlighted the close relationship between
crew scheduling and rostering, emphasizing the benefits of tackling these problems in an integrated man-
ner. More recently, Mertens et al. [58] presented a state-of-the-art overview of optimization techniques for
resource scheduling in public transportation, bringing together advances in exact, heuristic, and integrated
approaches. Collectively, these studies not only map the evolution of the field but also provide the conceptual
and methodological basis for more specialized research on bus crew scheduling. This section focuses on the
bus crew scheduling problem, with particular emphasis on its variants and the different solution methodolo-
gies proposed in the literature.

Öztop et al. [63] studied a real-life crew scheduling problem in public bus transportation, where drivers
face spread time and working time limits, and different crew types are needed due to vehicle-specific require-
ments. They developed a binary programming model for the Tactical Fixed Job Scheduling Problem that
determines the optimal number of crew members of different types at minimum cost, enhanced with an it-
erative valid inequality generation scheme that proved effective on instances of up to 120 tasks. Lourenço et
al. [56] proposed multi-objective metaheuristics for bus-driver scheduling, combining tabu search and genetic
algorithms to handle conflicting goals such as cost and service quality. This method was validated with real-
world data and implemented in the GIST Planning Transportation Systems and demonstrated effectiveness
in guiding efficient search and improving solution quality for crew scheduling problems. Andrade-Michel
et al. [4] addressed the Flexible Vehicle and Crew Scheduling Problem in urban bus transport, incorporating
vehicle characteristics, driver qualifications, and strict labor regulations such as duty length limits, manda-
tory breaks, and restricted driving hours. They developed a mixed-integer linear programming model and a
variable neighborhood search algorithm. They demonstrated its efficiency through extensive computational
experiments on large-scale instances. Pardo-Pena et al. [64] introduced a GRASP-based approach for the Bus
Crew Scheduling Problem, aimed to balance cost minimization with driver satisfaction by incorporating con-
straints such as work blocks, rest days, and prohibited shift sequences. Tested on both classical instances and
real company data, the method — enhanced with a satisfaction function — demonstrates improved solution
quality, computational efficiency, and positive impacts on the working environment. Ma et al. [57] addressed
fairness in the Crew Scheduling Problem for Bus Drivers by developing a hybrid ant-colony optimization al-
gorithm that integrated a Gamma heuristic and refined selection rules. Using real data from Beijing Public
Transport Holdings, the model demonstrated efficiency on large-scale instances while showing that incorpo-
rating fairness costs significantly improves balance in working and idle times without sacrificing solution qual-
ity. Wang et al. [80] developed a bi-level, multi-objective programming model for the collaborative scheduling
of vehicles and drivers in mixed fleets of conventional and electric buses, addressing both operational costs and
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carbon emissions. By solving the problem with an improved multi-objective particle swarm algorithm, the
study demonstrated that integrating vehicle charging schemes with crew scheduling not only reduces costs
and emissions but also improves driver–bus specificity and compliance with labor constraints. Kang et al. [48]
formulated integer linear programming models for bus driver scheduling, extending them with a derandom-
izing approach to handle uncertainties in bus travel times. Through a case study on Singapore’s bus route
#95 and sensitivity analyses on fleet size and driver workload, the models demonstrate practical applicability,
while Lagrangian bounds provide insights into solution quality and managerial decision-making.

Taking crew preferences into account when building schedules has been studied primarily in the airline
industry. The systems developed for this purpose can generally be classified into three categories. In the bid-
line system, anonymous schedules are first constructed — where various objectives can be considered depend-
ing on the application — and crew members then bid on these schedules, which are subsequently assigned
according to seniority [11]. In the rostering system, personalized schedules are computed while taking into
account preassigned activities such as vacations and training periods, and optimizing an objective function,
which may include factors such as cost, covered pairings, or overall crew satisfaction [27]. In the preferen-
tial bidding system, the crew members express their preferences for various activities — including pairings,
preassignments, and rest periods — through bids. The system then constructs schedules that maximize crew
members’ scores in a lexicographic order, with the most senior crew served first, followed by the next most
senior, and so on. The score of a schedule for a crew member is determined based on their submitted bids [73].

Table 4.1 summarizes the literature on crew scheduling for buses.

Paper Problem Focus Objectives Methods Real Data? Special Con-

straints/Features

Scale/Validation

Lourenço et al. (2001) [56] Bus-driver
scheduling
(multi-objective)

Cost + service
quality

Hybrid tabu
search + genetic
algorithm

Yes (GIST im-
plementation)

Conflicting goals;
guides efficient search

Validated with
real-world data

Öztop et al. (2017) [63] Tactical Fixed Job
Scheduling (bus
drivers)

Minimize total
cost; decide
counts of
driver types

Binary program-
ming + iterative
valid inequality
generation

Yes Spread-time and
working-time limits;
vehicle-specific crew
types

Effective up to 120
tasks

Ma et al. (2017) [57] Fairness in bus-
driver scheduling

Fairness cost +
schedule qual-
ity

Hybrid Ant
Colony Op-
timization +
Gamma heuris-
tic

Yes (Beijing
Public Trans-
port Holdings)

Balance of work-
ing/idle times; fairness
metrics

Efficient on large-
scale instances

Kang et al. (2020) [48] Bus-driver
scheduling under
uncertainty

Feasibility
with
cost/workload
considerations

ILP + de-
randomizing
approach; La-
grangian bounds

Yes (Singapore
Route #95)

Travel-time uncer-
tainty; sensitivity to
fleet size and workload

Case study + sensi-
tivity analysis

Andrade-Michel et al. (2021) [4] Flexible Vehicle &
Crew Scheduling
(urban buses)

Feasible, low-
cost schedules

MILP + Variable
Neighborhood
Search (VNS)

Extensive
experiments

Vehicle characteristics;
driver qualifications;
duty length limits;
mandatory breaks;
driving-hour restric-
tions

Large-scale in-
stances

Wang et al. (2022) [80] Collaborative
vehicle–driver
scheduling (diesel
+ EV)

Cost + carbon
emissions (bi-
level, multi-
objective)

Bi-level multi-
objective model
+ improved
MOPSO

Experimental
evaluation

Charging integration;
driver–bus specificity;
labor constraints

Reduced
cost/emissions
demonstrated

Pardo-Peña et al. (2023) [64] Bus crew schedul-
ing with satisfac-
tion

Balance cost
and driver
satisfaction

GRASP + satis-
faction function

Yes (classical +
company data)

Work blocks; rest
days; prohibited shift
sequences

Improved quality
and speed re-
ported

Table 4.1: Summary of bus crew scheduling literature.
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4.3

Maintenance planning

Maintenance planning is paramount to the operational integrity, safety, and economic viability of public
transportation systems. Historically, maintenance approaches have progressed from reactive interventions
to scheduled preventive measures. However, contemporary demands for enhanced reliability, efficiency, and
cost optimization are driving a significant paradigm shift towards predictive maintenance (PdM). This ad-
vanced strategy leverages real-time data, the Internet of Things (IoT), and analytical techniques, particularly
from machine learning (ML) to forecast equipment failures and optimize maintenance schedules.

In this section, we give a brief account of maintenance planning in public transportation systems with a
focus on three aspects of the problem:

• Assigning Preventive Maintenance activities
• Emphasizing Predictive Maintenance,
• Connections to Fleet Planning.
The sustained maintenance and ongoing operation of existing infrastructure is already a challenging

problem given the widespread aging of much of the current transportation infrastructure, which requires
a concentrated effort to maximize the performance and extend the lifespan of existing assets. Furthermore,
introduction of new technologies in vehicles (electric battery powered, driverless modes etc.) adds layers to
these challenges.

Maintenance directly influences key operational metrics, including overall operational costs and, cru-
cially, the level of passenger satisfaction. Public expectations for transportation services are increasingly strin-
gent, prioritizing not only reliability and frequency, but also broad availability and accessibility.

A critical aspect of maintenance in transportation systems is its effect on fleet planning. The fleet plan-
ning optimization models usually assume that the resources (vehicles, roads, trains, railways etc.) are always
available, never fail, or there are ample redundancy such that failure is negligible. However, particularly with
aging assets and infrastructure, the validity of this assumption is in question. When an asset becomes unavail-
able due to failure, all public transportation plans are significantly affected.

4.3.1 Preventive maintenance

Preventive maintenance is a proactive planning strategy that performs regularly scheduled activities such as
inspections, cleaning, and repairs to prevent vehicle failure and prolong their expected lifespan. Due to its
nature, optimizing preventive maintenance activities predominantly involves planning over a longer horizon.

Preventive maintenance activities are mainly discussed in literature related to rail transport. Borndörfer et
al. [10] present a hypergraph-based MIP model for rolling stock rotation planning, where vehicle composition
and maintenance constraints are also considered. Use cases are presented on the scenarios of Deutsche Bahn.

Giacco et al. [30] also integrate maintenance into the rolling stock circulation problem. Their MILP
model inserts the maintenance activities into a pre-determined cyclic timetable and assignment. Giacco et
al. [29] also proposed a sequential method that first creates rolling stock rosters and then assigns maintenance
activities to them. The method is presented on small scenarios from the Italian railway company Trenitalia.

A MIP model and a hybrid heuristic are given by [52] for rolling stock assignment. Optimization of
maintenance activities is performed on a daily basis, and a sequential rolling-horizon approach is considered
for assignments over a longer horizon.

In public bus transport, Haghani and Shahafi [41] give multiple mathematical models for the insertion
of different maintenance activities into an existing bus assignment over a longer horizon.
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Dávid and Krész [16] consider a schedule assignment model, where daily blocks are assigned to actual
buses over a planning horizon, taking into consideration depot compatibility, daily parking, and preventive
maintenance activities. They give a state-expanded multi-commodity flow MILP formulation for the prob-
lem.

He et al. [42] formulate the MILP model over a day-to-day rolling planning horizon for preventive and
predictive maintenance. They employ a two-stage decomposition method, where bus maintenance is sched-
uled on a daily basis first, then the vehicle schedules and bus maintenance activities are optimized within each
day.

4.3.2 Predictive maintenance

Predictive Maintenance (PdM) emerged as an active field of research in recent years. Since it is fundamentally
a data-driven approach that harnesses statistical analysis and Machine Learning (ML) models, availability of
such data enabled novel approaches to maintenance planning. With higher granularity of the available data,
we can model system behavior, identify degradation trends, and accurately forecast potential failures, which
all contribute to enhancing overall system reliability.

Predictive maintenance is usually implemented as condition-based maintenance using data analysis to
predict failures. As a result, it is expected to reduce downtime; optimize maintenance costs; improve system
reliability; enhance safety [14]. The data infrastructure is critical and requires significant investment in sensors.

The stochastic nature of breakdowns is usually ignored in the public transportation planning literature
and is modeled independently. Gerum et al. [55] consider both railway problems by proposing a new ap-
proach to predict rail and geometry defects that is based on easy-to-obtain data. They integrate prediction
with inspection and maintenance scheduling activities. Their prediction methodology is developed to con-
trol the underestimation of defects. Then, based on a discounted Markov decision process model that uses
these predictions, they determine an optimal inspection and maintenance scheduling policy. This approach
has the potential to be linked to the vehicle scheduling problem in further research.

Another typical example of predictive maintenance is made possible by the availability of the MetroPT
dataset [77]. This dataset enables testing different models for the prediction of failures of a critical component
of Porto Metro trains (air control unit). The challenge is to predict failure without false positives and send a
warning early enough so that service can continue without interruption. Although prediction methods can
be tested on this dataset, it is not straightforward how to use these predictions in maintenance planning.

4.4

Graph theoretic approaches

4.4.1 Reload cost concept

The literature includes purely graph-theoretic problems that arise from applications in public transportation.
One prominent example is the concept of reload costs. In this subsection, we will review related work on the
reload cost concept.

Edge-colored graphs provide a natural framework for modeling optimization problems across diverse
domains, including bioinformatics, communication networks, and transportation systems. In this context,
the reload cost is defined as the expense incurred when traversing a vertex through two incident edges, where
the cost is uniquely determined by the colors of these edges.
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Beyond communication and energy distribution networks, the reload cost concept finds extensive ap-
plications in transportation. A notable example arises in multi-modal cargo transportation, where transfers
between different modes of transport incur significant (un)loading costs at intermediate transfer points [24].

The concept of reload cost was first introduced by Wirth and Steffan [83], who studied the problem of
finding a spanning tree with the minimum diameter under reload costs. Since then, a wide array of related
optimization problems have been explored. These include identifying paths, trails, or walks with the mini-
mum reload cost between specified vertices [33]; numerous path, tour, and flow problems [2]; the minimum
changeover cost arborescence problem [25, 34, 35, 37]; the problem of finding a cycle cover with minimum
reload costs [26]; structural and algorithmic results on minimum reload costs in complete graphs with equi-
table 2-edge colorings [13]; the problems of finding edge-colorings that minimize the total reload cost [36]; and
constructing spanning trees that minimize the overall reload costs across all vertex pairs [28]. Furthermore,
Baste et al. [5] investigated graph factors with reload costs, deriving several complexity results and identifying
special cases that can be solved in polynomial time.

The concept of reload cost has been further extended to shortest-path problems with quadratic objec-
tive functions. Fischer et al. [22] examined the quadratic traveling salesman problem, where a cost is assigned
to every sequence of three consecutive nodes, and analyzed its polyhedral structure. Rostami et al. [66] ex-
plored the computational complexity of the quadratic shortest path problem and proposed exact solution
algorithms. Hu et al. [44] also addressed the quadratic shortest path problem, introducing several semidefi-
nite programming relaxations to obtain strong lower bounds. More recently, Granata et al. [38] proposed the
notion of penalized reload cost in network design, generalizing traditional reload costs by accounting for hid-
den charges arising from remaining network components after establishing a path, walk, tour, or flow. Their
study investigates the computational complexity of these problems and establishes several inapproximability
results.

4.4.2 Ride hailing with priorities

The assignment mechanism in ride-hailing platforms can be modeled as a bipartite matching problem, where
drivers and ride requests form the two vertex sets. Feasible pairings are represented as edges weighted by the
distance or cost of pick-up. The classical approach to minimize total cost is to compute a minimum weight
maximum matching, often using the Hungarian algorithm [51].

To incorporate prioritization, the vertex set is partitioned into multiple priority levels, and the assign-
ment seeks to maximize the number of matched agents in higher priority classes before considering the lower
ones. This approach aligns with the concept of priority matchings, initially studied in kidney exchange prob-
lems [67], and later adapted to settings such as school choice [1] and service systems [23].

In ride-hailing systems, priority can be granted to passengers based on loyalty or premium service options,
or to drivers who are more reliable or responsive. Studies such as [69] examine the effects of assigning prior-
ity to part-time drivers, highlighting the impact on supply stability and matching efficiency. Similarly, [50]
analyze the strategic trade-offs in dispatch policies that offer prioritized matching in exchange for reduced
per-ride compensation.

Another stream of research explores dynamic and real-time assignment mechanisms. The Nearest Neigh-

bor (NN) heuristic, which matches each request with the closest driver, is widely used but criticized for its
myopic nature [19]. Batching approaches, which aggregate requests over short intervals before solving the
matching problem, provide improved outcomes in terms of reduced average pick-up distances and increased
completion rates [87]. These approaches also accommodate threshold constraints, such as the maximum ac-
ceptable pick-up distances, to enhance service quality and reduce abandonment [86].

Priority-aware batching algorithms have also been proposed. For instance, two-stage procedures first

A Survey Report on Applications of Combinatorial Optimization Methods in Urban Planning and
Relevant Mathematical Models

47



iv Public Transportation and Traffic Modeling

match priority agents before considering others, aiming to balance priority satisfaction against total cost [62].
These approaches enable platforms to offer differentiated services while maintaining operational efficiency.

4.4.3 Applications of Petri nets in traffic flow and signal control

Traffic congestion is a critical challenge in urban mobility, requiring models that integrate continuous vehi-
cle flows with discrete events such as signal changes and incidents. Petri nets (PN) have emerged as a robust
formalism for modeling such systems, as they naturally capture causality, concurrency, conflict, and synchro-
nization. Their bipartite, graphical structure provides both intuitive visualization and rigorous mathematical
analysis.

A Petri net is a bipartite directed graph consisting of four elements: places (circles, representing system
conditions or resources), transitions (rectangles, representing events), arcs (directed edges linking places and
transitions), and tokens (dots residing in places that represent the current state). The distribution of tokens,
known as the marking, defines the system’s state. System dynamics evolve through the firing of transitions,
which consume tokens from input places and produce tokens in output places [15].

Traffic models are typically classified into three levels of detail [20]. Microscopic models represent each
individual vehicle with high granularity, but are computationally expensive. Macroscopic models treat flow as
an aggregate stream using variables such as flow, density, and speed, enabling large-scale and real-time appli-
cations. Mesoscopic models occupy an intermediate position, capturing driver heterogeneity probabilistically.

At the macroscopic level, Continuous Timed Petri Nets (CTPNs) have been used to represent freeway
dynamics. Ferreira and Neves [21] proposed a modular CTPN framework where road segments, ramps, and
terminals are modeled as reusable subcomponents. Vehicle propagation depends simultaneously on upstream
supply and downstream capacity, thereby capturing congestion propagation. To enhance realism, their model
introduced parameters for critical density and speed, calibrated through microscopic simulation with Aim-
sun, achieving a balance between accuracy and computational efficiency.

For intersections, Deterministic and Stochastic Petri Nets (DSPNs) have been employed to represent
both stochastic vehicle arrivals and deterministic signal timings. Wang, List, and DiCesare [79] applied DSPNs
to model pre-timed and actuated controllers, benchmarking results against Webster’s formula [81], Newell’s
theory [61], and the Highway Capacity Manual (TRB [8]). Their work demonstrated that DSPNs produce
reliable delay estimates, particularly in near-saturated conditions.

To address more complex phasing, Timed Coloured Petri Nets (CP-nets) have been developed. Huang
and Chung [45] showed that CP-nets could model multi-phase signals compactly while supporting formal
safety verification. Using place invariants, they proved that conflicting green phases could not occur in any
reachable state. Tristono et al. [74] extended this approach to intersections disrupted by railway crossings,
showing that adaptive controllers modeled in CP-nets could clear queues more efficiently than fixed sched-
ules.

Validation in the literature follows two complementary strategies: formal analysis, where techniques such
as Occurrence Graphs and Place Invariants prove properties like liveness and safety [45, 53], and simulation
benchmarking, where PN outputs are compared with analytical formulas or commercial simulators [21, 74,
79]. Together, these studies confirm that PN models capture both the logic and dynamics of traffic systems
with reduced computational cost relative to microscopic simulations.

Petri nets provide a versatile modeling framework across traffic domains. Their modularity and scalabil-
ity support large networks, their graphical structure improves clarity, and their variants — timed, stochastic,
colored, continuous — offer flexibility for different traffic phenomena. The surveyed works collectively high-
light Petri nets as an effective tool for intelligent traffic management, balancing formal rigor with practical
applicability. For an historic review, see [60].
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4.4.4 Circular-arc graph models for traffic-light scheduling

A circular-arc graph is defined as the intersection graph of a family of arcs on a circle, where each vertex corre-
sponds to an arc and two vertices are adjacent if their arcs overlap [75]. These graphs generalize interval graphs
and have been widely studied due to their algorithmic tractability and scheduling applications [32]. Charac-
terization problem for the circular-arc graphs first appeared in [40]. In , characterizations and recognition
algorithms for the subclasses of circular-arc graphs are given, with emphasis on the linear time algorithms. In
traffic control, the idea is adapted by representing traffic movements (straight, left turn, right turn) as vertices
in a compatibility graph, where two movements are connected if they can occur simultaneously without con-
flict [71]. Embedding these movements as arcs around a cycle — where the circumference represents the total
signal cycle — yields a circular-arc representation. The corresponding intersection graph captures feasible
groups of movements that can be assigned green simultaneously, with maximal cliques representing compat-
ible signal phases.

The modeling framework typically follows four steps: (i) construct the compatibility graph of move-
ments; (ii) map feasible green intervals as arcs around a circle; (iii) derive the intersection (circular-arc) graph,
in which cliques correspond to sets of non-conflicting movements; and (iv) solve a linear programming model
to allocate green times with the objective of minimizing total waiting or delay. Tanveer [72] applied the ap-
proach to a four-leg intersection, showing that embedding streams as arcs and optimizing over cliques sig-
nificantly reduced average waiting times. Hosseini et al. [43] presented a detailed case study with explicit
circular-arc constructions and optimization.

An alternative but related line of work focuses on clique-based analysis directly on the compatibility
graph, bypassing explicit arc construction. Here, maximal cliques are interpreted as signal groups, and their
sequencing within a fixed cycle is optimized, sometimes aided by clique matrices to systematize feasible group
selection. While this approach avoids the circular embedding, it is conceptually similar and relies on the same
combinatorial principle of using cliques to identify compatible traffic movements.

From a broader graph-theoretic perspective, circular-arc graphs are a well-characterized class with effi-
cient recognition algorithms and structural results [32, 75]. Applications often include traffic control as a
natural domain for circular-arc modeling [43]. While the complement, the co-circular-arc graph, could en-
code exclusivity constraints, most published implementations of traffic-signal control rely on the intersection
model because of its natural mapping to phase compatibility.

More recently, traffic signal research has shifted toward adaptive, data-driven methods such as reinforce-
ment learning and graph neural networks, which prioritize scalability and real-time adaptability [82]. These
systems generally move away from explicit circular-arc modeling but often require interpretable initialization
plans, for which graph-theoretic methods can still provide value. Thus, circular-arc graph approaches remain
relevant for fixed-cycle intersections and as a rigorous, interpretable foundation that complements modern
adaptive control.

In summary, circular-arc graphs provide an elegant mathematical framework for traffic-light scheduling,
embedding the cyclical nature of signals and the compatibility of movements into a tractable optimization
problem. Studies by Tanveer [72] and Hosseini and Orooji [43] demonstrate that such models are effective for
minimizing waiting times and structuring phases in fixed-cycle systems, while adaptive approaches dominate
large-scale real-time control. Together, these perspectives highlight the complementary roles of classical graph-
theoretic methods and modern AI-driven systems in advancing traffic signal research.

Most of the existing studies on circular-arc graphs and related graph-theoretic approaches to traffic-light
scheduling focus on specific intersection case studies. While these works demonstrate the feasibility and clar-
ity of the method, they remain limited in scope. To advance the field, there is a need for more general and
scalable modeling frameworks that go beyond individual examples and can capture the complexity of urban
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traffic systems at large.

4.5

Conclusions

This chapter has highlighted major planning and optimization problems in public transportation, including
vehicle scheduling, crew scheduling, maintenance planning, and also ride hailing with priorities. Each of these
areas poses complex computational challenges that require balancing efficiency, feasibility, and service quality.
Traditional sequential and integrated methods have provided valuable progress, yet growing system demands
call for innovative approaches. Graph-theoretic methods, such as reload cost in edge-colored graphs, Petri
nets for traffic signal modeling, and circular-arc graphs for compatibility analysis, enrich the toolkit available
for both researchers and practitioners. Together, these approaches bridge theory and practice, offering new
perspectives for designing resilient, efficient, and adaptive public transportation and traffic systems.
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Chapter V

Disaster Management

Combinatorial optimization is critical for improving disaster management operations, spanning pre-disaster
planning, shelter allocation, humanitarian logistics, and evacuation strategies. This chapter reviews the liter-
ature across these domains, highlighting methodological advances, practical applications, and research gaps.
In pre-disaster planning, transportation infrastructure is assessed using risk, vulnerability, resilience, and
network-theoretic metrics, with graph-theoretic optimization largely unexplored. Shelter allocation and lay-
out design are analyzed through deterministic and stochastic models, incorporating fairness and dynamic de-
mand, while joint optimization with evacuation planning is emerging. Humanitarian logistics networks are
examined via single- and multi-level facility location models, emphasizing cost, service efficiency, and robust-
ness under uncertainty. Graph-theoretic approaches show promise for designing resilient multi-level supply
chains and post-disaster distribution. Evacuation planning includes pedestrian- and transit-based models,
multi-objective optimization, and equity-focused algorithms. Across all areas, integrating theoretical graph
models, uncertainty, and multi-modal considerations presents significant opportunities for future research.

Keywords: Disaster management, shelter planning, infrastructure design in pre-disaster management, hu-
manitarian logistics network, evacuation planning, graph theory, combinatorial optimization.
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Disasters, whether natural, technological, or man-made, pose severe challenges to human life, critical infras-
tructure, and societal functions, particularly in rapidly urbanizing areas, highlighting the urgent need to de-
sign and maintain disaster-resilient cities. The intensifying impacts of climate change not only increase the
frequency and severity of disasters but also exacerbate their effects on urban populations and infrastructure.

Effective disaster management requires timely, coordinated, and resource-efficient interventions across
multiple operational domains, from preparedness and mitigation to response and recovery. In recent decades,
combinatorial optimization has emerged as a powerful tool for addressing these challenges, providing system-
atic methods to allocate scarce resources, design resilient networks, and plan complex evacuation and relief
operations [40].

The application of combinatorial optimization in disaster management is particularly compelling be-
cause disasters are characterized by high uncertainty, complex interdependencies, and time-critical decision
requirements. Unlike traditional optimization problems, disaster management scenarios must account for
unpredictable demand surges, disrupted infrastructure, and dynamic behavioral responses from affected pop-
ulations. This makes the development of robust, flexible, and equitable optimization models both scientifi-
cally challenging and practically vital.

This chapter reviews the state-of-the-art applications of combinatorial optimization in disaster manage-
ment along four major dimensions: In Section 5.1 we review infrastructure design in pre-disaster scenarios, in
Section 5.2 we focus on shelter allocation and layout design, in Section 5.3 we discuss the related literature on
humanitarian logistics networks, and in Section 5.3.3 we review the literature on evacuation planning. Finally,
we conclude this chapter in Section 5.4.

5.1

Infrastructure design in pre-disaster scenarios

Transportation infrastructure systems are critical lifelines that must be designed and managed with potential
disruptions in mind. They not only enable the daily movement of people and goods, connect businesses,
and sustain supply chains, but they also serve as the backbone for emergency access and recovery operations
when disasters strike. From a pre-disaster perspective, their performance lies in ensuring continuity of essen-
tial services, providing redundancy, and maintaining flexibility to withstand or adapt to unexpected hazards.
Lack of preparedness or weak links in these systems can amplify disaster impacts, highlighting the need for a
proactive assessment of critical components and investment in resilient infrastructure.

There is no single standard formalization of link criticality in transportation networks. Jenelius et al. [38]
adopt a risk-based view, defining criticality as a function of both failure likelihood and consequence severity.

A Survey Report on Applications of Combinatorial Optimization Methods in Urban Planning and
Relevant Mathematical Models

59



v Combinatorial Optimization in Disaster Management

In contrast, De Oliveira et al. [20] treat criticality as probability-neutral. These differing approaches have
produced a wide variety of metrics, ranging from basic road capacity measures [68] to advanced connectivity-
based indicators [46].

Metrics can be broadly grouped into two categories [37]: those originating in transportation studies and
those derived from network theory. Examples from transportation studies include change in weighted to-
tal travel cost [5, 21], change in worst-case user exposure [52], traffic flow [75], and traffic density [62, 75].
Metrics inspired by network theory include unweighted betweenness centrality [22, 43], minimum link cut
centrality [67], and OD 𝑘-connectivity [53, 66]. For a comprehensive review of metrics, see [37].

From a disaster management perspective, Faturechi and Miller-Hooks [27] classify performance measures
into risk, vulnerability, reliability, robustness, flexibility (agility and adaptability), survivability, and resilience.

• Risk combines the probability of an event with its consequences in terms of system performance.
• Vulnerability denotes the susceptibility of the system to threats that cause operational degradation.
• Reliability refers to the probability that the system continues operating at a satisfactory level after a

disaster.
• Robustness is the ability to withstand or absorb disruptions and remain intact.
• Flexibility captures the system’s adaptability through contingency measures.
• Survivability reflects the system’s capacity to endure sudden disturbances while meeting demand.
• Resilience is the ability to resist, absorb, adapt, and return to normal functionality after disruptions.

These concepts have been applied widely in disaster-oriented infrastructure research (see, for example, [15,
27, 33, 51, 59]).

Research has also examined other types of infrastructure, such as hospital systems and their responses to
disasters [64]. In addition, studies such as [3] on maritime port networks highlight resiliency and reliability
from a different network perspective.

Considering this body of literature, it is evident that while graph-theoretic concepts such as betweenness
centrality and connectivity have been applied, the use of graph-based metrics alongside graph-theoretic opti-
mization problems remains largely unexplored in the context of link criticality in disaster management. This
represents a significant and promising research opportunity.

5.2

Shelter allocation and layout design

The increasing frequency and severity of disasters underscore the urgent need for robust, survivor-focused
planning strategies. Among these, the provision of rapid and effective shelter solutions is a cornerstone of
disaster management. Most existing approaches in the literature concentrate on determining optimal shelter
locations, typically framed as facility location problems.

However, in the aftermath of large-scale disasters, shelter sites often resemble refugee camps, requiring
extensive space and careful spatial organization. Despite their practical significance, the layout planning of
such large-scale camp sites remains a significantly underexplored area, particularly from an optimization per-
spective.

In this subsection, we first provide a concise overview of facility location-type problems within the dis-
aster management literature. We then examine related studies on shelter placement, including research that
integrates shelter placement with evacuation routes. Finally, we explore the limited but growing body of work
on shelter and camp layout planning, and outline promising directions for future research in this critical area.

Humanitarian support facilities can be functionally classified into suppliers, distribution centers, points
of distribution, shelters, field hospitals, and blood centers [23]. For instance, the work in [16] focuses on

60 Deliverable D2.1



Shelter allocation and layout design 5.2

optimally determining the locations of temporary emergency medical services by considering post-disaster
transportation infrastructure damage and increased demand together with a case study in New Taipei City.
Likewise, the authors in [57] propose a two-stage stochastic model to optimize the location of temporary
medical centers for disaster response, minimizing setup and casualty transportation costs while accounting
for triage, existing hospitals, and possible infrastructure damage together with a case study in Kartal district
of İstanbul. In addition, some studies such as [73] focus on the location allocation of health services networks
where the facilities are subject to the risk of disruptions.

An illustrative study on the allocation of blood centers in both pre- and post-disaster scenarios is pre-
sented in [65], where the authors propose a strategic framework for optimizing the placement and number
of temporary blood facilities. The approach integrates a minimax facility location model with a tabu search
heuristic to minimize the maximum distance between temporary centers and hospitals, thereby enhancing re-
sponse times during emergencies. For a comprehensive review of humanitarian facility location models under
uncertainty, we refer the reader to [23].

Beyond medical and blood-related services, the strategic allocation of shelters plays a central role in post-
disaster humanitarian logistics, as it directly affects the well-being and safety of displaced populations. Lon-
don Resilience Forum [50] identifies two types of shelters: Emergency Evacuation Centers (EECs) and Emer-
gency Rest Shelters. An EEC is defined as a facility that provides short-term shelter for individuals unable to
secure alternative accommodations. While EECs may offer limited food provisions, they typically do not
include sleeping areas. On the other hand, an ERC refers to a facility that offers basic services such as food,
washing facilities, and designated sleeping spaces for those without access to other housing options. Given the
functional differences between these shelter types, effectively allocating individuals to appropriate facilities re-
quires not only accurate classification, but also careful consideration of spatial, infrastructural, and logistical
constraints. This brings us to the broader challenge of identifying suitable shelter locations and evaluating
their feasibility.

The Turkish Red Crescent defines 10 criteria to rank potential shelter areas: (1) Transportation of relief
items, (2) Procurement of relief items, (3) Healthcare institutions, (4) Topography of the terrain, (5) Type of
terrain, (6) Slope of the terrain, (7) Electrical infrastructure, (8) Sanitary system, (9) Flora of the terrain, and
(10) Ownership. While the Turkish Red Crescent’s criteria provide a solid foundation, the method suffers
from two major issues: it overlooks the distance between demand points and shelters, potentially assigning
people to faraway locations, and it fails to ensure balanced use of shelter capacities, resulting in some shelters
being overcrowded while others remain underused.

To address these shortcomings, Kılcı et al. [44] proposed a mixed integer linear programming (MILP)-
based methodology for selecting the location of temporary shelter sites, maximizing the minimum weight
of open shelter areas while simultaneously determining shelter locations, population assignments, and uti-
lization control. The model developed by Kılcı et al. introduces fairness-based constraints to regulate usage
levels, including parameters that bound both minimum utilization and inter-shelter occupancy differences.
The model is applied to real data from the Kartal district of Istanbul, Türkiye, and tested under scenarios
from the 2011 Van earthquake, demonstrating its practical applicability in designing equitable and efficient
emergency shelter systems. Kılcı et al. propose a deterministic MILP model that incorporates fairness and
accessibility in shelter site selection; the model assumes demand is known with certainty, which is a strong
simplification that does not reflect the unpredictable nature of real-world disasters.

Addressing this limitation, the study by Kınay et al. [45] extends the earlier deterministic framework
by incorporating demand uncertainty through a chance-constrained programming approach. The proposed
model ensures, with high probability, that shelter capacity and utilization constraints are satisfied, avoiding
both overpreparation and underprotection. Using the central limit theorem, they derive a deterministic ap-
proximation of the chance constraints and formulate a tractable MILP. The model is tested using real-world
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data from the Kartal district and also scaled up to cover the entire Anatolian side of Istanbul, Türkiye. The
results show that explicitly modeling uncertainty can significantly alter shelter location decisions and lead to
more resilient and realistic disaster preparedness plans.

The paper [48] focuses on hierarchical earthquake shelter planning in urban areas, specifically using
Shanghai, China, as a case study. The authors propose a two-stage mathematical programming model that
addresses both shelter location and victim allocation, aiming to minimize construction costs and evacuation
distances. A key innovation is their consideration of time-varying refuge demand, acknowledging that the
number of victims and their needs change throughout the post-earthquake period. The research demon-
strates that this dynamic approach to planning can lead to a more cost-effective and efficient disaster response
compared to traditional methods that assume constant demand.

The paper [25] discusses the shelter site selection problem for earthquake preparedness, focusing on Is-
tanbul, Türkiye. It highlights the limitations of traditional deterministic and stochastic optimization models,
which often fail to adequately account for the uncertainty inherent in disaster scenarios, particularly concern-
ing the fluctuating demand for shelters. The paper proposes a novel robust optimization approach that more
accurately predicts shelter demand by integrating seismological data and considers multiple potential earth-
quake scenarios, emphasizing solutions that are socially acceptable and preferable by maximizing fairness and
minimizing walking distances to shelters, even if it means opening more facilities. The findings demonstrate
that this robust model consistently provides feasible and effective solutions across a range of possible disaster
outcomes, offering a superior method for disaster preparedness planning.

The paper [74] presents a scenario-based, multi-objective optimization model for allocating earthquake
emergency shelters. The study focuses on Chaoyang District, Beijing, China, aiming to minimize both total
evacuation time and total shelter area while considering factors like shelter capacity and service radius. To
address the problem’s complexity, the authors modified the particle swarm optimization (PSO) algorithm by
incorporating a simulated annealing (SA) algorithm and an outside loop, which improved the algorithm’s
ability to find optimal solutions and avoid premature convergence. The findings indicate that increasing shel-
ter area can significantly reduce evacuation time, offering practical insights for disaster planning and resource
allocation in urban environments.

The work [17] presents a hierarchical location model for planning earthquake shelters. The authors pro-
pose classifying shelters into immediate, short- and long-term categories based on changing survivor needs
over time following an earthquake. The article outlines a mathematical model to optimize shelter placement
by minimizing travel distance and considering financial constraints, using a case study in Beijing, China, to
illustrate its practical application. The findings emphasize the importance of budget planning and flexible
resource allocation in emergency response.

The paper [71] introduces a multi-criteria model for locating earthquake evacuation shelters, specifically
designed for urban planning. Recognizing that traditional models often simplify complex needs, the authors
propose a new approach based on seven crucial urban planning principles, such as safety, proximity to resi-
dents, and economic viability. The paper details a GIS-supported iterative solution method to implement this
model, demonstrating its practical application and effectiveness through a case study in Yangzhou, China.

Until 2011, the emphasis in the literature was to model shelter allocation and evacuation routing as sepa-
rate problems. In 2011, the seminal paper [10] introduced the Bus Evacuation Problem (BEP), a variant of the
Vehicle Routing Problem designed for large-scale evacuations. It involves routing a fleet of identical, capacity-
limited buses from yards to pick up evacuees and deliver them to shelters with limited capacity. The aim is to
minimize the total evacuation time, from the first bus departure to the last evacuee’s arrival, while handling
both bus and shelter capacity constraints.

Subsequent studies have refined the joint shelter allocation and evacuation modeling by also integrating
demand uncertainty. Li et al. [47] developed a bi-level stochastic program coupling shelter decisions with
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dynamic user equilibrium for hurricanes in North Carolina. The work [32] uniquely combined car and bus-
based evacuations under a system optimal framework, tested in Kaiserslautern and Nice, while the authors
in [7] applied a constrained system optimal approach to balance fairness and efficiency in Istanbul earthquake
scenarios. The work [29] integrated shelter siting, warnings, and routing for flood evacuations in North Car-
olina, whereas the work [34] modeled cost-minimizing sink locations under capacity limits in Kaiserslautern.
The authors in [63] addressed bushfire bus evacuations in Australia with a multi-objective model prioritizing
safety and resource efficiency. Finally, the authors in [8] extended stochastic modeling to capture uncertain
demand and infrastructure disruptions in Istanbul earthquakes.

Table 5.1 presents a comparative summary of the papers discussed in this subsection. As noted earlier,
most combinatorial optimization studies on shelters in disaster management focus primarily on determining
shelter locations and/or assigning survivors to shelters, while largely neglecting the design and layout of shelter
sites. Yet, in post-disaster contexts, shelter areas often resemble refugee camps. To address living conditions in
such settings, the United Nations Refugee Agency has developed planning standards [69]. To the best of our
knowledge, the only study explicitly addressing the optimization of shelter layout design is [41], where the
authors employ a general block design structure to account for facility requirements and their interrelations.

5.3

Humanitarian logistics networks

Humanitarian logistics involves the distribution of relief in the aftermath of disasters; therefore, the design
and management of humanitarian relief logistics networks are of critical importance. Most studies in this area
concentrate on facility location problems, while some integrate these with other logistics challenges such as
relief distribution, casualty transportation, and evacuation planning [14].

Most humanitarian relief distribution networks are modeled as single-level structures and can be broadly
classified into two categories: minisum facility location problems [36, 49], which aim to minimize the to-
tal distance and/or facility-related costs, and set-covering or maximal coverage problems [39], which seek to
minimize the number or cost of facilities while ensuring that all demand points are covered.

On the other hand, several humanitarian relief distribution networks, such as those studied in [11, 31, 54],
adopt a multi-level structure, falling under the broad category of multi-echelon supply chain networks [13, 55].
In such networks, suppliers of relief items constitute the first level, with entry points into the disaster-affected
region typically being airports, seaports, or designated helicopter landing sites. The second level comprises
relief distribution centers, functioning as depots, while the third level corresponds to shelters housing dis-
placed populations who require emergency assistance. These settings can also be framed as multi-level facility
location problems, which we discuss in greater detail in the next subsection.

5.3.1 Multi-level facility location problem

The multi-level facility location problem, extensively studied in the literature, has been addressed through
various discrete optimization methods across several of its versions. Hierarchical facility location models for-
mulate the challenge of placing facilities across multiple tiers within a network, typically aiming to optimize
both service efficiency and associated costs. A key aspect of these models is the flow of customers or goods
between different levels of the hierarchy. These models are used in various applications, including healthcare,
logistics, computer networks, and many others.
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Table 5.1: Comparative summary of humanitarian facility location studies.

Citation Facility Type Focus / Objective Modeling Approach Uncertainty

Consideration

Evacuation

Consideration

Case Study Notable Features

Chen & Yu (2016) [16] Field Hospitals Location of EMS considering infras-
tructure damage and demand surges

Mathematical optimization Yes (infrastructure
disruption)

No New Taipei
City, Taiwan

Incorporates post-disaster
road conditions

Oksuz et al. (2020) [57] Medical Centers Minimize setup and casualty trans-
port costs; includes triage, hospitals

Two-stage stochastic pro-
gramming

Yes (demand, in-
frastructure)

No Kartal, Istan-
bul, Türkiye

Realistic disaster healthcare
features

Zarrinpoor et al. (2017) [73] Health Networks Health service network allocation un-
der disruption risk

Reliability-based location
modeling

Yes (facility disrup-
tions)

No Not specified Resilient facility network
design

Sharma et al. (2019) [65] Blood Centers Minimize max distance between
blood centers and hospitals

Minimax location + tabu
search

No No Not specified Pre- and post-disaster blood
logistics

Kılcı et al. (2015) [44] Shelters Fair and efficient shelter site selection
and population assignment

MILP No (deterministic
demand)

No Kartal, Istan-
bul, Türkiye

Fairness-based constraints
for balanced utilization

Kınay et al. (2018) [45] Shelters Extend deterministic model with de-
mand uncertainty

Chance-constrained MILP Yes (demand un-
certainty)

No Anatolian
side, Istanbul

Deterministic approxima-
tion using CLT

Li et al. (2017) [48] Hierarchical Shelters Minimize construction cost and evac-
uation distance with time-varying de-
mand

Two-stage mathematical
programming

Yes (dynamic de-
mand)

No Shanghai,
China

Captures evolving post-
earthquake demand

Eriskin et al. (2024) [25] Shelters Robust shelter planning under multi-
ple earthquake scenarios

Robust optimization Yes (multi-
scenario uncer-
tainty)

No Istanbul,
Türkiye

Incorporates seismological
data and fairness

Zhao et al. (2015) [74] Shelters Minimize evacuation time and shelter
area

Multi-objective optimiza-
tion + PSO+SA

Yes (scenario-
based)

No Chaoyang,
Beijing,
China

Hybrid metaheuristics to
enhance solution quality

Chen et al. (2013) [17] Temporal Shelters Multi-phase shelter planning (imme-
diate to long-term)

Hierarchical location model No No Beijing,
China

Budget-aware, time-
sensitive shelter classifica-
tion

Xu et al. (2016) [71] Evacuation Shelters Urban planning-based shelter site se-
lection using 7 criteria

MCDA + GIS-supported
method

No No Yangzhou,
China

Iterative, principle-driven
site selection

Bish et al. (2011) [10] Bus yards, pick-up
locations and shelters

Minimize the total evacuation time Mixed integer programming
+ heuristic algorithms

No Yes New Or-
leans after
Hurricane
Katrina

Focus on transit dependent
populations, split deliveries
allowed

Li et al. (2012) [47] Shelters Optimize the shelter locations Scenario-based bi-level pro-
gramming

Yes (two-stage
stochastic pro-
gramming)

Yes North Car-
olina, USA

Incorporation of user
equilibrium-based traffic
dynamics

Goerigk et al. (2014) [32] Shelters and bus de-
pots

Minimize the total evacuation time Multi-criteria mixed integer
programming

No Yes Kaiserslautern,
Germany and
Nice, France

A comprehensive integrated
model

Bayram et al. (2016) [7] Shelters Minimize the total evacuation time Nonlinear and second-
order conic mixed integer
programming

No Yes Sioux Falls
and Istanbul

Detailed efficiency and fair-
ness metrics
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Citation Facility Type Focus / Objective Modeling Approach Uncertainty

Consideration

Evacuation

Consideration

Case Study Notable Features

Gama et al. (2016) [29] Shelters Minimize the evacuees’ total travel
distance the shelters

Multi-period location allo-
cation with mixed integer
linear programming

Yes (temporal pre-
diction of the mag-
nitude and evolu-
tion of the flood)

Yes Wake
County,
North Car-
olina, USA

Novel dynamic integration
of decisions

Hessler et al. (2016) [34] Emergency shelters Select a minimum cost subset of
nodes as shelters

mixed integer programming
and source location algo-
rithms

No Yes Kaiserslautern,
Germany

Detailed 3-position classi

Shahparvari et al. (2016) [63] Assembly points and
shelters

Maximize the number of evacuated
people and minimize the allocated re-
sources

Multi-objective integer lin-
ear programming

Yes Yes Murrindindi
Shire in
Victoria,
Australia,

Focus on late evacuees

Bayram et al. (2017) [8] Shelters Minimize the expected total evacua-
tion time

Stochastic mixed integer
non-linear programming

Yes Yes İstanbul Exact Benders
decomposition-based
algorithm for large scale
stochastic problems
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Hierarchical facility location models involve the strategic placement of facilities at multiple levels — such
as local, regional, and central — to serve customer demands, with the objective of minimizing operational
and transportation costs while maintaining adequate service quality across all tiers. This class of problems
is referred to in the literature by various terms, including multi-echelon, multi-stage, multi-level, hierarchi-
cal, and multi-layer facility location problems, all of which denote what we collectively define as hierarchical
facility location models.

Several types of hierarchical facility location models have been proposed in the literature. Flow-based
models consider the movement of demand through the hierarchical structure, with each facility level respon-
sible for processing specific portions of the total demand [26]. Assignment-based models allocate demand to
facilities at each level, often following predefined paths [9, 30]. Median models aim to minimize the weighted
distance between customers and facilities [9, 70], while covering models focus on ensuring that all demand
points are located within a specified distance or time threshold from a facility [18, 24, 30].

Two comprehensive review papers summarize the development of hierarchical facility location models
(HFLMs): one published in 2007, covering literature up to 2004 [61], and another published in 2018, review-
ing advancements up to that year [58]. The classification scheme and terminology introduced in [61] situate
multi-level facility location problems within a broader framework, based on key criteria, such as: flow pat-
terns, service availability, and spatial configuration, which correlate with the variation of models stated in the
previous paragraph. Building on the extensive body of existing research, we focus in the following sections
on recent advances reported in the contemporary literature.

The work [70] proposes a novel median model for the allocation of oncological treatment units within
Brazil’s Unified Health System. Specifically, the study examines a two-level hierarchical uncapacitated median
model, incorporating additional constraints on maximum distance and vertex eligibility. The authors further
implement and evaluate the model using CPLEX on real-world data from Rio de Janeiro.

Similarly, the work [72] investigates dynamic service facility location and allocation under time-varying
demand. The study emphasizes strategic deployment of service centers and dynamic customer allocation and
planning. To determine optimal station locations, the authors employ two hierarchical facility location mod-
els and use a geographic information system (GIS) to assess the spatial distribution of potential trip demand.
Additionally, they formulate a binary integer programming model and propose a genetic algorithm.

The paper [30] addresses an integrated problem of hierarchical facility location and network design, en-
compassing multiple decisions regarding the opening of facilities and network links across various levels. The
proposed multi-period model incorporates budgetary constraints and optimizes transportation network links
within each time period. Its objective is to determine the optimal upgrade levels for urban centers and network
links while adhering to a predefined budget. The model is formulated as a mixed-integer linear programming
problem.

The work [4] introduces a three-level hierarchical facility location model. At the first (highest) level, fa-
cilities manufacture different products, each offering a single product to the market. Second-level facilities
serve as warehouses, and the third level comprises clients with demands for specific products, each exhibiting
preferences based on the product’s origin. The problem is to determine which depots to open and which
products to allocate to them to maximize overall client satisfaction. This model is referred to as the multi-
product maximal covering second-level facility location problem. The authors formulate the problem as a
mixed-integer linear program and incorporate additional inequalities and constraints, as well as several meta-
heuristic variants, to reduce computation time.
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5.3.2 Graph theoretic approaches in humanitarian logistics

In addition to other combinatorial optimization approaches, graph theory has been applied to the strategic
planning of humanitarian relief distribution in disaster settings; however, only a limited number of studies
exist, and these predominantly focus on using graphs as modeling tools rather than addressing theoretical
aspects.

For instance, in [60], the authors proposed a multi-echelon, multi-period supply chain network design
model for humanitarian logistics, solved with a graph theory-based algorithm. The model allows lateral trans-
shipments among retailers and direct or indirect shipments from distribution centers to end-users, aiming to
minimize total costs while enhancing service to evacuees.

The paper [2] tackles the challenge of managing returned products in reverse logistics, which is a criti-
cal area within supply chain management. They propose a Graph Theory and Matrix Approach (GTMA)
to select the best disposition option, accounting for factors such as legislation, environmental concerns, and
corporate responsibility, and illustrate the method through a case study of an Indian mobile phone manufac-
turer.

Table 5.2 compiles a comparative summary of the works discussed in this subsection. Notwithstanding
these efforts, theoretical research on graph-theoretic modeling of multi-level supply chain networks—both
broadly and in the context of post-disaster operations—remains limited. This gap highlights an open and
promising direction for future investigation.

5.3.3 Evacuation planning

Evacuation planning in the aftermath of large-scale disasters has been extensively investigated in the literature,
with research spanning a wide range of perspectives from traffic assignment and traffic flow propagation mod-
els to insights from human behavior science (see [6] for a comprehensive review). As highlighted in [6], most
evacuation studies concentrate on private vehicle usage (commonly termed car-based evacuation), while mod-
els addressing mass transit (or bus-based) evacuation are relatively limited. The methodological approaches
are equally diverse, including multi-agent–based models [42], flow-based evacuation models, and heuristic
techniques (see [12] for an in-depth overview). As noted in Section 5.2, some works focus on joint optimiza-
tion of shelter selection and evacuation planning [7, 8, 10, 29, 32, 34, 47, 63]. In this subsection, we will focus
on the works focusing on route design in evacuation.

In [56], the authors proposed a novel approach to coordinated evacuation route planning that empha-
sizes guiding groups of spatially separated but socially connected individuals (e.g., families) to rendezvous at
designated points along their routes before proceeding to a shelter. They formulate an integer linear program-
ming model that minimizes the total route weight while ensuring that, once reunited, group members adjust
to the speed of the slowest individual.

The authors in [19] develop an integer linear programming model that incorporates six distinct objec-
tives, including minimizing travel distances for both primary and backup paths, reducing risks associated
with routes and shelters, and optimizing the number of shelters required. They further integrate this model
into a decision support tool built on geographical information systems (GIS) software.

The study in [1] addresses fair transit trip planning for emergency evacuations, with a particular emphasis
on “short-notice” and “no-notice” scenarios where rapid decision-making is critical. The authors propose a
model based on the proportional fairness concept, which seeks to balance the efficient evacuation of vulnerable
populations with the equitable allocation of resources across all affected communities. This stands in contrast
to maximum safety models that emphasize efficiency, often at the expense of less accessible or lower-priority
groups, thereby risking resource starvation.
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Table 5.2: Comparative summary of hierarchical facility location models.

Citation Levels Key Features / Constraints Solution Approach Uncertainty Facility Type /

Mode

Case Study Notable Features

Şahin and Süral (2007) [61] Multi-level (review) Flow patterns, service availabil-
ity, spatial configuration

Literature review No General HFLM - Foundational classi-
fication framework

Ortiz-Astorquiza et al. (2018) [58] Multi-level (review) Updated classification of hier-
archical location models

Literature review No General HFLM - Overview of contem-
porary advances

Vieira et al. (2019) [70] 2 Max distance, vertex eligibility MILP solved with CPLEX Deterministic Health facilities Rio de Janeiro,
Brazil

Oncological treat-
ment units, unca-
pacitated median
model

Ye & Xu (2015) [72] 2 (dynamic) Time-varying demand, strate-
gic deployment of service cen-
ters

Binary IP + GIS + Genetic
Algorithm

Dynamic demand Service facilities - Dynamic allocation
and planning

Ghaderi et al. (2025) [30] Multi-level + network Multi-period budget con-
straints, network link opti-
mization

MILP Budget and net-
work constraints

Mixed facilities +
network

Urban centers Multi-period, inte-
grated location &
network design

Baldomero-Naranjo et al. (2024) [4] 3 Product allocation, client pref-
erences, maximal covering for
multi-product distribution

MILP + metaheuristics Deterministic Manufacturing
/ Warehouses /
Clients

- Three-level multi-
product distribution
network

Table 5.3: Comparative summary of evacuation planning studies.

Citation Facility / Mode Focus / Objective Modeling Approach Uncertainty Evacuation Type Case Study Notable Features

Nakao et al. (2025) [56] Pedestrian groups Coordinated routing with
rendezvous points

ILP No Pedestrian No Socially connected groups,
adjust to slowest member

Coutinho et al. (2012) [19] Mixed (shelter alloca-
tion)

Multi-objective optimiza-
tion (distance, risk, shelters)

ILP + GIS tool Partial (risk) Mixed No Six objectives, GIS-based
DSS

Aalami et al. (2021) [1] Transit Fair trip planning under
time pressure

Proportional fairness model No Bus / transit No Short- and no-notice scenar-
ios, equity focus

Feng et al. (2023) [28] Bus Network flow planning,
minimize travel + evac. time

LP + heuristic Tested via Monte
Carlo

Bus Flood evacuation,
Xingguo (China)

Two-step algo-
rithm, outperforms
greedy/genetic/approx.

Heydar et al. (2016) [35] Transit-dependent
pop.

Joint pedestrian assignment
+ bus routing

MIP + heuristic (SA) No Bus + pedestrian No Split-service pickup, first to
integrate pedestrian + bus
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The authors in [28] propose a two-step network flow planning algorithm aimed at minimizing both evac-
uation and computational times in disaster scenarios. The first step employs a linear programming model to
optimize total bus travel time, while the second step allocates tasks uniformly across buses to approximate
the minimal overall evacuation time. Monte Carlo simulations indicate that the proposed algorithm outper-
forms greedy, genetic, and approximation-based methods. The approach was successfully implemented in a
flood evacuation case study in Xingguo, China.

In [35], the authors propose a mixed-integer programming model that integrates pedestrian guidance
with heterogeneous bus routing to address long-notice evacuations of transit-dependent populations. The
model incorporates a split-service feature, enabling evacuees to be assigned to multiple pickup points and
buses. Given the NP-hardness of the problem, a two-stage heuristic is developed: evacuee assignment is first
determined through a relaxed transportation model, followed by bus routing solved via a simulated annealing
algorithm tailored for the multi-depot setting. This study is the first work that jointly optimizes pedestrian
assignment and bus routing, thereby providing a practical framework for offline evacuation planning.

Table 5.3 presents a comparative summary of the works discussed in this subsection. Building on these
observations, it is evident that a comprehensive graph theoretic approach to route planning in evacuation, in
particular for bus-based evacuation, remains an open and interesting research issue.

5.4

Conclusions

Combinatorial optimization has become an essential tool for effective disaster management, addressing chal-
lenges across infrastructure design, shelter allocation, humanitarian logistics, and evacuation planning. This
chapter has reviewed key developments in each of these areas, highlighting both methodological innovations
and practical applications. Despite considerable progress, significant research gaps remain, particularly in
integrating graph-theoretic optimization, uncertainty modeling, and multi-level or multi-modal consider-
ations. Shelter layout design, joint optimization of shelter allocation and evacuation, and resilient multi-
echelon logistics networks represent promising avenues for future work. Advancing these areas has the po-
tential to enhance both the efficiency and equity of disaster response, ultimately improving the safety and
well-being of affected populations. By bridging theoretical advances with practical implementation, future
research can contribute to more resilient, adaptive, and socially responsive disaster management systems.
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Chapter VI

15-Minute City

This chapter investigates the 15-minute city, an urban planning paradigm that ensures essential services are
accessible within a short walk or bike ride. It surveys computational and mathematical approaches to opera-
tionalize the concept, including graph-theoretic and grid tessellation models, optimization methods such as
mixed-integer linear programming, and interactive tools for accessibility analysis. The chapter further reviews
commonly used indices for assessing accessibility, diversity, and walkability. Consequently, it highlights how
combinatorial optimization and data-driven planning can address spatial inequalities and foster sustainable,
equitable, and locally oriented urban development.

Keywords: 15-minute city, facility location, walkability, accessibility, sustainability.
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The concept of 15-minute city, introduced and promoted by urbanist Carlos Moreno [11], is a paradigm of
modern urban planning that seeks to provide residents with access to all essential urban services within a 15-
minute walk or bike ride from their home. Services typically include education, healthcare, employment,
food, culture, and leisure. This model emphasizes localized living, supports the environment (reducing de-
pendency on motorized transport), improves the overall quality of urban life, and promotes sustainable urban
development.

The main objective of this vision is to create self-sufficient neighborhoods where people can live, work,
shop, and socialize without long commutes. Such decentralization also helps distribute resources more eq-
uitably across cities. However, to put this idea into practice, especially in large metropolitan areas, urban
planners require rigorous mathematical and computational models to evaluate service accessibility and opti-
mize infrastructure development.

This chapter provides a comprehensive review of the computational and mathematical frameworks devel-
oped to operationalize and assess this vision. Specifically, it surveys graph-theoretic and grid tessellation mod-
els for representing urban networks and quantifying service accessibility, as well as optimization approaches
based on mixed-integer linear programming for the strategic allocation of new amenities. The study further
analyzes interactive platforms that facilitate the visualization and evaluation of accessibility at multiple spatial
scales, along with indices designed to capture accessibility, diversity, and walkability in urban environments.
By synthesizing these methodological perspectives, the report underscores the critical role of combinatorial
optimization and computational modeling in advancing the practical implementation of the 15-minute city,
while highlighting their relevance for addressing spatial inequalities and supporting sustainable urban trans-
formation.

6.1

15-minute city concept

The literature presents a broad range of papers on the 15-minute city concept. Most of them present an urban
planning or sociological approach to this concept. Quite a lot of research has contributed greatly to the lit-
erature of measuring city performance from a 15-minute city perspective. In [13] Papadopoulos et al. provide
a literature survey and recommendations for a more holistic compliance assessment. We, in turn, will focus
on research that treats the topic from the point of view of combinatorial optimization. We present several
approaches to the topic. We present several approaches to the topic. We begin with graph-theory-based and
grid-tessellation models, followed by models formulated through linear programming. Next, we discuss in-
teractive tools that demonstrate how far specific regions are from achieving the 15-minute city model. Finally,
we address accessibility aspects.
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vi 15-Minute City

6.1.1 Graph and grid tessellation models

First, we review papers that primarily address graph-theoretic and grid-tessellation approaches to the 15-minute
city. According to the graph theory models, if a graph 𝐺 = (𝑉 , 𝐸) with a set𝑉 of vertices and a set 𝐸 of
edges represents the city, then the vertices of 𝐺 are usually intersections of the roads and the edges are the
passable streets connecting these intersections. The lengths of these edges are proportional to the travel time
of the pedestrians, and since the pedestrians can move along the streets in both directions, the graph is undi-
rected. This model is considered for example in [3], where the physical length of each street (section between
two intersections) is determined on the basis of geographical data, in this case, coming from Open Street
Maps (OSM). To obtain data on streets, OSMnx Python was used. The physical length of the street was then
converted into pedestrian travel time assuming an average walking speed 1.22 m/s.

If service 𝑓𝑖 ∈𝑉 of a given type 𝑖 is placed in a given vertex, then a shortest path from which this service is
reachable for each vertex of the graph and the corresponding travel time can be found. Applying algorithms
of finding the shortest paths to all vertices, we can find all the vertices in the graph that are in the a distance of
at most 15 minutes from a service 𝑓𝑖 . So, we can define as𝐶 𝑖 , the set of vertices (crossing of the roads), which
forms a 15–minute city according to the services of a given type 𝑖; i.e. 𝐶 𝑖 is set of all vertices from which we
can reach at least one service of type 𝑖 at time shorter than 15–minutes. Then, considering a subgraph 𝐺𝑖 of
an urban graph 𝐺 induced by the set 𝐶 𝑖 , we can study for example a connectedness of 𝐺𝑖 to immediately
identify places where an intervention is necessary to connect, for example, two parts of the city with some
service.

We can consider also the case of different services which must be available in less than 15 minutes. If there
are 𝐾 types of services, the set of 15–minute vertices has a form𝐶 =

⋂𝐾
𝑖=1 𝐶

𝑖 . Thus, if𝐺𝐶 is a subgraph of𝐺
induced by the vertices of 𝐶, then 15– minute city graph is a subgraph𝐺𝐶 of an urban graph𝐺.Despite the
simplicity of this approach, we can analyze with it some urban aspects, for example, analyze the connectedness
of the𝐺𝐶 graph.

But the set 𝐶 depends on many parameters such as the time of the travel 𝑡 , the matrix of services 𝑠, and
the travel speed 𝑣; 15-minute city graph for cyclists will be different than for pedestrians:

𝐺𝐶 = 𝐺𝐶 (𝐶, 𝐸𝐶 ; 𝑡, 𝑠, 𝑣) ⊆ 𝐺.

This means that there is no single 15-minute city graph; rather, each set of services defines a distinct possible
city. Additionally, changing the parameter 𝑡 , we can obtain a 𝑡-minute city graph for any 𝑡 . In [3], 𝐺𝐶 is in
the form: 𝐺𝐶 = 𝐺𝐶 (𝐶, 𝐸𝐶 ; 15 min, ‘farmacies’, ‘post-offices’, ‘supermarkets’), 1.22 m/s).

In [3], the authors propose the 15-minute city (15MC) index, designed both to characterize the concept
and to facilitate comparisons across cities or between different areas of the same city:

𝛾 (𝑟, 𝑥0; 𝑡, 𝑠, 𝑣) ≡ |𝐶 (𝑟, 𝑥0; 𝑡, 𝑠, 𝑣) |/|𝐸 |,

where |𝐶 (𝑟, 𝑥0; 𝑡, 𝑠, 𝑣) | denotes the number of vertices within a radius 𝑟 from 𝑥0, which belong to the 15-
minute city, defined with respect to services 𝑠 at travel time 𝑡 and travel speed 𝑣. In other words, it represents
the number of locations from which one can access all essential services within 15 minutes of point 𝑥0.

In [5], a slightly different yet related approach is proposed: the pedestrian network is represented as a
graph, where the vertices are intersection points of paths and the edges are segments of those paths, with
attributes, including the time cost. In this graph, all available walking routes in public space are mapped,
including sidewalks, crossing paths, and pedestrian zones, particularly those that allow the passage through
green areas. The network also includes virtual paths assuming that users, in the absence of a dedicated path,
may choose to walk on the side of the road or pass near intersections. For each link (edge) in the pedestrian
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network, was counted the value of ‘cost’, which is the ratio of the length of the link to the speed of the pedes-
trian, estimated as 3 km/h. Calculation of the cost, expressed in minutes, also takes into account the ‘delay
factor’ (DF) at the crossings pedestrian crossing, which is slightly different depending on whether the crossing
are with or without traffic lights:

Travel time (min) = (Length(km) / (3 km/h)) · 60 + DF(min).

Generally, edge weights on the graph are derived through GIS analysis and are expressed in minutes,
accounting for the time required to traverse each segment of the pedestrian network as well as potential delays
at street crossings. This formula was used in a study of the Cittadella district in Parma, Italy. The authors of [5]
used it to determine the area which can be reached on foot within 15 minutes, which they defined as ‘urban
nodes’ well equipped with the necessary services such as supermarkets, grocery stores, bars, pharmacies and
banks. Then, the calculated area was compared with the distribution population of that neighborhood in
order to examine the proportion of the population of the 15-minute city.

The other graph theory approach is presented in [6]. In that work, the authors report on a project carried
out in Denmark’s North Jutland region, with the objective of mapping the coverage and quality of mobile
broadband networks across four operators. Data collection was carried out over a six-month period by two
vehicles equipped with specialized measurement instruments that traversed the region. The main theme of
this paper is the description of how the driving campaigns were designed. One of the main challenges was
designing the driving routes to ensure that mobile coverage was measured on 100 percent of the roads in the
study area —a project requirement— because of the problem’s combinatorial nature. The route optimization
problem faced in this project is formally defined using a connected road graph 𝐺 = (𝑉 , 𝐸) in a cluster 𝐶 ,
where a route 𝑅𝐶 = {𝑟0, 𝑟1, . . . , 𝑟𝑛+𝑚} traversing all edges in 𝐸𝐶 = {𝑒0, 𝑒1, . . . , 𝑒𝑛} has to be calculated
minimizing its total length. The route must cover all edges of the road graph, remain connected, and start
and end at the same vertex.

A general survey of works related to the applications of graphs in smart cities such as modeling smart
cities, security, anomaly detection, transport, logistics, together with future research directions is presented
in [15]. Currently, today’s infrastructure provides important services including energy, water, mobility, man-
ufactured goods, and healthcare. These infrastructures are complex, large, and interconnected. Therefore, a
model that takes into account the interdependencies between networks must be created to understand the be-
havior of complex systems. The graph theory approach serves as the basis for many studies of network-based
systems, such as power grids, water networks, supply chains, transportation systems, and health systems.

Also in [1] there is a more general approach to graph models; different graphs models for urban layout
representations are compared. The paper first reviews common spatial network models and their key features,
then demonstrates their application in the city of Alicante.

In [10], there is an interesting graph theory algorithmic approach to the problem of 15-minute city. The
aim of the study is to develop an algorithm capable of identifying areas of the city that can be classified as a
15–minute city. This algorithm is intended to determine which locations allow residents to reach all necessary
services within 15 minutes from their homes. The proposed solution takes into account different types of
graphs and locations of services.

In general, Dijkstra’s standard algorithm is used to find the shortest path from a single source vertex to
all other vertices in a graph with non-negative weights. But in [10], a modified Dijkstra algorithm is applied
to the 15-minute ciy problem. The modification is done in the following way:

• Search from the service sources: Instead of running the algorithm from each vertex in the graph, the
modified Dijkstra algorithm is run multiple times, using the location of individual services or service
groups as source vertices. It is more efficient, as the number of service locations is usually significantly
less than the total number of vertices in the graph.
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• Stop searching when the time threshold is reached: The main modification is to stop the algorithm
when the distance (travel time) to the considered vertex exceeds a set time threshold 𝑡 (e.g. 15 minutes).

• Identification of reachable vertices: For each execution of the algorithm from a type 𝑖 service location,
modified Dijkstra’s algorithm denotes all vertices to which time less than or equal to 𝑡 as achievable for
that type of service.

In the complexity analysis, the authors consider a case in which the area of the city modeled as a graph
(the whole graph𝐺) is larger than the area which actually qualifies as a 15-minute city (to contrast it with the
case when the whole city is a 15-minute city). In this scenario, the actual complexity of the algorithm depends
on the subgraph size that is achievable within 𝑡 minutes of the considered sources (location of services) and
not on the size of the entire city.

The work in [10] centers on designing a versatile, adaptive, and efficient algorithm capable of identifying
urban areas that meet the criteria of a 15-minute city. The author applies this approach to the cases studied
in [3], [5], and [12], and evaluates its performance against the scenarios and methodologies proposed in those
papers.

Another frequently used method of modelling the 15-minute city is the grid tessellation method. Ac-
cording to this method, the map is divided into a grid of ‘cells’, where each cell is treated as a separate area.
Then the calculation of the 15-minute city is applied independently to the each of these areas. Most often, the
area is divided into squares (e.g. 100m x 100m, 250m x 250m, 500m x 500m) or hexagons. Often hexagons are
preferred, because they donnot have corner neighbors and that gives a better spatial continuity.

For example, the 34 Minutes Istanbul project [9], developed by the Istanbul Metropolitan Municipal-
ity, uses 2021-2022 data to map out which daily needs residents can access by walking within specific areas.
The map divides Istanbul into hexagonal zones (at district and neighborhood scales), each representing a
34-minute living area, marked by a dashed black line showing the maximum round-trip distance within 34
minutes. Each hexagon is scored from 0 to 100 across categories like housing, work, daily needs, cultural ac-
tivities, training, health, transportation, and leisure. Blue hexagons indicate easier access to daily needs within
34 minutes, while red hexagons signify more challenging access (see Figure 6.1).

Figure 6.1: Interface of the 34 Minutes Istanbul project.

Each hexagonal cell may be examined separately with respect to service availability, population density,
and other attributes. Conceptually, this resembles superimposing a grid on the map to reveal conditions
across different parts of the city.

In [18], for example, the data points were organised into hexagonal grid units measuring 100m × 100m
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each. The average inflow distances for a grid are calculated as AID= (sum the inflow distances for each visitor
from 1 to 𝑛 ) / (number of unique visitors to the grid), where 𝑛 is the total number of inflow events recorded
for the grid. The average outflow distances (AOD) is calculated based on the average travel distance for all resi-
dents of each grid. The authors also use a method that quantifies the average weighted distance of movements
from specific origins using a formula. The article focuses on Hamilton (New Zealand), addressing issues of
car dependency and urban sprawl, and introduces a methodology that can be adapted to other cities. A first
step involving a spatial analysis was to identify ‘liveable areas’ based on walkable access to essential services
within specific districts; the second one includes a mobility analysis that investigates residents’ travel patterns,
focusing particularly on their preference for ‘local living’.

Very often special types of indexes are introduced and counted separately for every cell of the map. For
example in [12], the NEXI index was defined; the determination of this index is based on the measurement of
the level of the local proximity to services, accessible on foot, in accordance with the assumptions concept of
a 15-minute city. This index aims to identify areas that already meet these criteria. NEXI is counted for any
cell of a regular hexagonal covered a given area and then presented in an interactive map where every cell is
colored depending of the value of the index. In [12] two main types of the index NEXI are given:

• NEXI-Minutes: For every service category and every area (hexagonal cell) assigns a time value that is the
average of the walking time to the nearest service point of this category, at the assumed walking speed
of 5 km/h.

• NEXI-Global: Measures overall proximity to all service categories on a scale from 0 to 100, where 0
means that none of the service categories is accessible within a 30-minute walk, and 100 means that all
service categories are available within a 15-minute walk.

In [12], grid tessellation is connected with graph theory. The road network is modeled using a graph: inter-
sections are vertices, and road sections are edges. The NEXI algorithm calculates the time it takes to walk to
the nearest POI (Points of Interest) from each node (vertex) of the road network. This is done by finding the
shortest path in graphs, for this purpose graph algorithms are used. After calculating the time to reach the
nearest services for each node road network, this information is aggregated into grid cells hexagonal system.
The NEXI index is calculated for each hexagonal cell by averaging proximity levels (reach times) nodes in that
cell. It results of the calculated NEXI index are then visualized on the interactive map, where each cell of the
hexagonal grid is thematically colored depending on the index value (see Figure 6.2).

Figure 6.2: NEXI-Minutes index - Categories comparison - Ferrara [12].
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6.1.2 Models based on linear programming

The idea of designing walkable cities has gained momentum because of its positive effects on public health, the
economy, and environmental sustainability. However, outdated zoning rules and long-term underinvestment
have led to uneven access to walkable spaces, creating social and spatial inequalities.

Huang and Khalil, in [8], formulate Walkability Optimization as the combinatorial optimization prob-
lem of selecting the locations of new amenities to maximally improve residents’ access to basic necessities.
The goal is to determine where new amenities-such as grocery stores, schools, or restaurants-should be added
so that residents can reach them on foot more easily. This requires considering the distribution of existing
facilities and ensuring multiple choices for certain services (e.g., different restaurants).

They approach the challenge of Walkability Optimization using methods from combinatorial optimiza-
tion and develop models based on Mixed-Integer Linear Programming (MILP) and Constraint Programming
(CP). Next, it is demonstrated that in specific cases, the problem’s objective function is submodular, which
supports the use of an efficient greedy heuristic. Moreover, it is shown that decision version of Walkability
Optimization is NP-Complete in general.

This approach was tested through a case study of 31 underserved neighborhoods in Toronto in Canada.
Results show that while MILP produces the best outcomes in most cases, it struggles to scale with larger
networks. The greedy algorithm, on the other hand, performs well at scale and yields high-quality solutions.

The empirical results suggest that neighborhoods currently lacking walkability hold significant potential
for transformation into pedestrian-friendly areas through strategic placement of new amenities. For instance,
adding just three more grocery stores, schools, and restaurants can raise the “WalkScore” by over 50 points
(on a 100-point scale) in four neighborhoods, while also reducing walking times to under 10 minutes for 75%
of households across all types of amenities.

On the other side, in [17], the Location Set Covering Problem optimization model is employed to an-
alyze the resources required to achieve full coverage of 15-minute accessibility and the knee point detection
algorithm to assess a city’s 15-minute city potential. The LSCP optimization model enables us to identify the
best locations for new facilities to ensure that all residents can reach this category of facilities within 15 min-
utes of walking while minimizing the number of new facilities. So, using the Location Set Covering Problem
optimization model, they estimate the resources needed for full accessibility coverage, while the knee point
detection algorithm identifies the inherent potential of each city. The authors applied this approach to 23 ma-
jor Chinese cities and reveal notable disparities: current levels of 15-minute city implementation often diverge
from the underlying potential. Critical factors include the alignment of facility locations with population
centers and the density of residents in peripheral areas. Interestingly, reducing planned facility construction
by up to two-thirds results in only minor accessibility losses, underscoring the value of customized data-driven
strategies. By prioritizing efficiency and avoiding underutilized infrastructure, this method highlights path-
ways to maximize the benefits of the 15-minute city while supporting sustainable and equitable urban futures.

In [2], Arslan and Laporte examine how the 15-minute city model can be translated into practice through
the application of operations research methods. Whereas much of the existing literature has focused on defin-
ing and measuring accessibility within proximity-based urban systems, their study emphasizes operational
strategies and optimization-based approaches for implementing and managing such environments. The au-
thors review the relevant literature on operations research, highlight intersections with urban planning objec-
tives, and outline a research agenda that prioritizes facility location planning, mobility systems, shared trans-
portation solutions, and integrated governance mechanisms. Analyzing relevant papers, in [2], it is concluded
that interest in the 15-minute city is increasing. It is also concluded that most of the journals publishing on
the 15-minute city focus on urban planning, sustainability, or transportation policy, and there is little repre-
sentation from core operations research journals.
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6.1.3 Interactive tools

Cities organized around proximity have gained significant attention in recent years. Among these, the idea
of the “15-minute city” has introduced a vision in which essential services are located within easy reach of
residents. While this concept has proven valuable in sparking debate about urban reorganization, it is not
universally applicable, and its definition itself raises certain issues.

In [4], the practicality and viability of the 15-minute city model is examined across a global range of urban
environments. It is quantified how closely cities align with the 15-minute ideal by assessing travel times to key
services and resources. The analysis shows considerable variation in accessibility both within individual cities
and across different regions, with population density emerging as a decisive factor. To make these findings
widely accessible, Bruno, Monteiro Melo, Campanelli et al. offer an online platform — that can be reached
from the link https://whatif.sonycsl.it/15mincity/ — that allows users to explore accessibility scores for nearly
every city worldwide. Figure 6.3 illustrates the interface of the application. The interactive map also allows
users to check individual cities (see Figure 6.4).

Figure 6.3: Interface of an online platform

Figure 6.4: Interface of an online platform for the Maribor

Uneven distribution of accessibility contributes to urban inequality. To address this, in [4], they simulate
scenarios where resources and services are redistributed more evenly, both under the constraint of existing
resources and under the assumption of unlimited availability. Presented results reveal substantial differences
among cities in the number of additional services required to achieve the 15-minute city standard. Ultimately,
it is argued that the proximity-based approach must be adapted to accommodate diverse population densities.
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Moreover, incorporating socio-economic and cultural dimensions will be essential to move from a purely
time-focused framework toward one grounded in broader values.

To collect data to make analysis, we can use many online tools. One example is the SmartHubs Accessibil-
ity Tool presented in [16]. It is a user-friendly planning tool that is designed to assist planners and practitioners
in developing and testing mobility hub scenarios. The tool aims to measure POI accessibility using various
modes of transportation (walking, cycling, e-scooters, public transport) to and from mobility hubs. For each
mean of transportation, it is possible to define additional requirements, for example maximum walking travel
time in minutes and walking speed. In addition, the tool allows users to choose points of interest (POIs) rel-
evant to them, including restaurants, cafés, bars, healthcare facilities, services, supermarkets, entertainment
venues, and educational institutions. In the final step, users place a marker at the chosen location and run
the analysis. The tool highlights the resulting area on the map, provides aggregated results in a table, and
allows the geospatial data to be downloaded. Figure 6.5 shows the results of the accessibility analysis to restau-
rants, cafés, bars, healthcare facilities, and supermarkets within a 15-minute walk from the Faculty of Electrical
Engineering and Computer Science, University of Maribor. Although the analysis that the tool performs is
relatively simple, the tool stands out for its automation and user-friendliness, eliminating the need for GIS
software expertise.

Figure 6.5: Results of analysis of access to restaurants, cafes, bars, healthcare and supermarkets within 15 min-
utes walk from the Faculty of Electrical Engineering and Computer Science, University of Maribor.

6.1.4 Accessibility measures

In [7] and [14], the authors introduce indices to measure various aspects of accessibility. To measure accessibil-
ity, some accessibility indicators are used. To introduce the 𝑥–minute city indicator, the following conditions
should be considered:

• The city is divided to several blocks.
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• A list of 𝑒 destinations (establishments or amenities) classified by 𝑘 categories of basic needs is given.
• The accessibility of a block is estimated as the total number of establishments per category that can be

reached from a residence location (block) within the previously defined walking time threshold.
For each residential block 𝑖 ∈ {1, · · · , 𝑁 }, the accessibility indicator 𝐴𝑖 counts the number of oppor-

tunities that can be reached within an 𝑥-minute walk from the block 𝑖 :

𝐴𝑖 =

𝑒∑︁
1
𝐸𝑗 ·𝑇 ,

where 𝐸𝑗 is the number of establishments around the block 𝑖 and𝑇 is 1 if the walking travel time threshold
is a maximum of 15 min walking; otherwise𝑇 = 0.

In [7], for each block 𝑖 within category 𝑘 the diversity indicator 𝐷𝑖,𝑘 is defined which incorporates the
preference weight𝑤𝑒 of each establishment 𝑒, obtained from a ranking survey by gender, age, occupation, and
other factors.

𝐷𝑖,𝑘 = 𝑒𝑥 𝑝

(∑︁
𝑒∈𝑘
𝑙𝑜 𝑔 (𝐴𝑖 · 𝑤𝑒)

)
/
∑︁
𝑒∈𝑘
𝑤𝑒,

where 𝐴𝑖 is the normalized accessibility indicator.
They also define the walkability indicator𝑊𝐼𝑖 , which includes variables relative to the quality of pedes-

trian infrastructure, security, and traffic:

𝑊𝐼𝑖 =

(∑︁
𝑠∈𝑖
𝑊𝐼𝑠,𝑖 · 𝐿𝑠,𝑖

)
/
∑︁
𝑠∈𝑖
𝐿𝑠,𝑖

where𝑊𝐼𝑠,𝑖 is the walkability value of the street segment 𝑠 inside the isochrone of block 𝑖 and 𝐿𝑠,𝑖 is the
length of each segment 𝑠 in the 15-minute isochrone area of block 𝑖.

Also a 15-minute city index, 𝑃15𝑖 , is defined as

𝑃15𝑖 =
∑︁
𝑘

𝐷𝑖,𝑘 ·𝑊𝐼𝑖 is the 15-m index for the block 𝑖.

In [14], the authors develop and present a methodology to assess which cities are prepared to function as
𝑥-minute cities. The methodology was tested on the city of Sevilla, with a population of about 687,000 and
an area of 114 km2.The authors considered a population percentage indicator, which measures the proportion
of residents with access to a given service. This indicator helps incorporate population density and connect
spatial accessibility with the actual distribution of people.

For a block 𝑖 and a category 𝑘, if the cumulative accessibility value for a given location (𝐴𝑖) is greater than
zero, the population living in that location has access to the given service. If the accessibility value is equal to
zero at a given location, that means that the population at that location does not have access to the service.

𝐴𝑃 =

(∑︁
𝑖

𝑃𝑖 · 𝑔 (𝐴𝑖)
)
/
∑︁
𝑖

𝑃𝑖

where 𝑃𝑖 is the number of inhabitants living at block 𝑖; and the function 𝑔 (𝐴𝑖) takes the value 0 if the
cumulative index is negative and takes value 1 otherwise.

Also the index with extra variables is considered in the formulae of the indicators:
• The active modes𝑚 ∈ {cycling , walking} (also public transport in large cities),
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• The time thresholds 𝑡 ∈ {5, 10, 15, ..}.
This allows them to compare the index depending on these new variants.

They concluded that in Sevilla most public services are accessible within a 10-minute walk, depending
on the category. For the functional urban area, they found that public transport stops and bike stations are
reachable by cycling.

6.2

Conclusions

This chapter has explored the concept of the 15-minute city that envisions essential services such as healthcare,
education, work, food, leisure, and culture being accessible within a 15-minute walk or bike ride. Approached
through the lens of combinatorial optimization and computational modeling, the review underscores that the
15-minute city is both a guiding urban planning framework and a complex computational challenge. Graph
theory, optimization techniques, interactive tools, and accessibility indices emerge as complementary instru-
ments for translating this vision into practice. The chapter emphasizes that rigorous mathematical modeling
is crucial for shaping urban environments that are equitable, sustainable, and locally responsive.
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Chapter VII

Urban Street Cleaning

This chapter studies urban street cleaning as a practical application of the arc routing problem. In contrast
to traditional node routing formulations, the goal of arc routing is to service a subset of the network edges
with a minimal cost, corresponding to the streets to be cleaned. An overview is given focusing on special
constraints connected to this use-case such as capacities or time windows, and related application areas such
as snow removal, waste collection or digital mapping are also explored.

Keywords: Capacitated arc routing, street cleaning, time windows, electric vehicles
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Routing problems have been prevalent in operations research and combinatorial optimization for decades,
with application areas such as transportation, logistics or telecommunications. At their core, the goal of these
problems is to determine efficient routes for one or more agents traversing a network while minimizing travel
distance or other arising costs. Classical examples include the Traveling Salesman Problem (TSP) and the Ve-
hicle Routing Problem (VRP), both of which are node-based formulations, where the routes are constructed
through visiting the nodes of a network in an efficient order. Despite their simple concept, routing problems
are usually computationally challenging, often NP-hard.

The street cleaning problem addressed in this work can be seen as a variant of the arc routing problem
(ARP). Unlike node routing problems, which focus on visiting specific nodes while considering arcs primarily
as connections, ARP emphasizes the traversal of arcs themselves. Beyond street cleaning, ARP arises in several
practical contexts, including snow removal [17], salt spreading [21], road inspection [25], postal delivery, waste
collection [3], and meter reading [10]. In applications such as meter reading, waste collection, and postal
delivery, the density of demand along a street is sufficiently high that the entire segment can be treated as the
relevant service unit.

7.1

Capacitated arc routing

Most of the above applications consider at least one resource type that is accumulated - or diminished - over the
routes, which positions them as capacitated arc routing problems (CARP). This variation of ARP involves
capacitated vehicles and assigns demands to certain edges. The total demand on a route cannot exceed the
capacity of its vehicle. The following formal definition of CARP will closely follow the one given in [2].

Let 𝐺 = (𝑉 , 𝐸) be an undirected graph with edge costs 𝑐𝑖𝑗 = 𝑐𝑗 𝑖 . Each edge 𝑒(𝑖, 𝑗 ) ∈ 𝐸 is allocated a
demand 𝑞𝑖𝑗 ≥ 0. Edges with positive demand are called required arcs and 𝑅 = { 𝑒(𝑖, 𝑗 ) | 𝑞𝑖𝑗 > 0 }, and
have to be serviced by exactly one vehicle. The available fleet consists of 𝐾 identical vehicles of capacity 𝑄 ,
assuming that𝑄 ≥ 𝑞𝑖𝑗 for all (𝑖, 𝑗 ). The nodes of the network are denoted by {1, . . . , 𝑛}, with node 1 serving
as the depot. Let 𝑁 (𝑖) denote the nodes adjacent to 𝑖 in𝐺.

Based on the above, the integer programming formulation of CARP — as given in [16] — is the following:

• 𝑥𝑘
𝑖𝑗
=

{
1 if vehicle 𝑘 traverses 𝑒(𝑖, 𝑗 ) from 𝑖 to 𝑗 ,
0 otherwise;

• 𝑙𝑘
𝑖𝑗
=

{
1 if vehicle 𝑘 services 𝑒(𝑖, 𝑗 ) while traversing,
0 otherwise.
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min
𝐾∑︁
𝑘=1

∑︁
(𝑖,𝑗 )∈𝐸

𝑐𝑖𝑗 𝑥
𝑘
𝑖𝑗

s.t.
∑︁

𝑗∈𝑁 (𝑖)

(
𝑥𝑘𝑖𝑗 − 𝑥

𝑘
𝑗 𝑖

)
= 0 ∀ 𝑖 ∈𝑉 , 𝑘 = 1, . . . , 𝐾

𝑥𝑘𝑖𝑗 ≥ 𝑙𝑘𝑖𝑗 ∀ (𝑖, 𝑗 ) ∈ 𝐸, ∀ 𝑘

𝐾∑︁
𝑘=1

(
𝑙𝑘𝑖𝑗 + 𝑙

𝑘
𝑗 𝑖

)
= 1 if 𝑒(𝑖, 𝑗 ) ∈ 𝑅∑︁

𝑖

∑︁
𝑗

𝑙𝑘𝑖𝑗 𝑞𝑖𝑗 ≤ 𝑄 ∀ 𝑘

∑︁
(𝑖,𝑗 )∈(𝑆,𝑆)

𝑥𝑘𝑖𝑗 − 𝑛
2𝑦𝑘
𝑆
≤ |𝑆 | − 1∑︁

(𝑖,𝑗 )∈(𝑆,𝑆)

𝑥𝑘𝑖𝑗 + 𝑢
𝑘
𝑆
≥ 1

𝑢𝑘
𝑆
+ 𝑦𝑘

𝑆
≤ 1, 𝑢𝑘

𝑆
, 𝑦𝑘
𝑆
∈ {0, 1}


∀ ∅ ≠ 𝑆 ⊆ {2, . . . , 𝑛}, ∀ 𝑘

𝑥𝑘𝑖𝑗 , 𝑙
𝑘
𝑖𝑗 ∈ {0, 1} ∀ (𝑖, 𝑗 ) ∈ 𝐸, ∀ 𝑆, ∀ 𝑘

Constraint (7.1) ensures route continuity for each vehicle. Constraint (7.1) states that serviced edges must be
traversed. Constraint (7.1) forces all required arcs to be serviced. The explicit vehicle capacity is enforced by
Constraint (7.1). The grouped constraints in (7.1) eliminate disconnected subtours but still allow solutions
with two or more closed cycles. Naturally, the exponential number of constraints in (7.1) makes their direct use
impractical, and models usually employ approaches such as the Miller-Tucker-Zemlin (MTZ) formulation
instead to resolve this issue. Finally, Constraint (7.1) enforces the binary restrictions.

While there are other ARP variants that have efficient polynomial algorithms, most problems are hard
to solve. Table 7.1 presents an overview of some of the most well-known ARP variants. For each of them, the
edge set of the network (𝐸 — undirected edges, 𝐴 — arcs) and the definition of the required edge set 𝑅 is
given, as well as the complexity of the problem variant (either in P, NP-complete, or NP-hard). It can be seen
that the complexity of CARP is NP-hard [16].

Multiple methods have been proposed for transforming a CARP into a capacitated VRP (CVRP) by
replacing required edges of the network with nodes to be serviced [14, 20, 23]. While these might prove to be
efficient approaches for general graphs, all transformation techniques rely on the property that the triangle
inequality holds in the original graph and optimal CARP tours will always perform deadheading along short-
est paths [4]. However, this cannot be guaranteed in most real-world applications, such as the street cleaning
problem.
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ARP variant Edge set 𝑅 Complexity

Undirected postman 𝐸 𝑅 = 𝐸 P
Directed postman 𝐴 𝑅 = 𝐴 P
Mixed postman 𝐴, 𝐸 𝑅 = 𝐴 ∪ 𝐸, 𝐴 ≠ ∅, 𝐸 ≠ ∅ NP-C
Rural postman 𝐸 𝑅 ⊂ 𝐸 NP-C
Directed rural postman 𝐴 𝑅 ⊂ 𝐴 NP-C
Capacitated arc routing 𝐸 𝑅 ⊂ 𝐸 NP-H
Capacitated postman 𝐸 𝑅 = 𝐸 NP-H

Table 7.1: Complexity of different arc routing variants.

7.2

The Street Cleaning Problem

The street cleaning problem, or similar variants of CARP have been studied for decades. An overview of the
most important publications is presented in Table 7.2.

Author (Year) Edges Time windows Solution method Application area

Bodin and Kursh (1978) [6] directed hard Heuristic street sweeping
Eglese and Murdock (1991) [13] directed none Heuristic road sweeping
Eglese (1994) [12] undirected hard Simulated annealing winter gritting
Tagmouti et al. (2007) [26] directed hard Exact winter gritting
Johnson and Wøhlk (2009) [19] undirected hard Exact, heuristc none
Vansteenwegen et al. (2010) [28] mixed soft Iterated local search digital mapping vans
Afsar (2010) [1] undirected soft Exact none
Blazquez et al. (2012) [5] directed none Exact, metaheuristic(NNS) street sweeping
Zhang et al. (2018) [32] directed none Metaheuristic (ACO+ALNS) none
Yurtseven and Gokce (2019) [31] directed hard Exact street sweeping
Holmberg (2019) [17] mixed none Hybrid snow remover
Tirkolaee et al. (2020) [27] undirected none Hybrid ACO waste management
Jin et al. (2021) [18] undirected soft Exact, NS garbage collection
Chen et al. (2025) [7] directed none Heuristic road cleanning
Parsons et al. (2025) [22] directed none Heuristic street sweeping

Table 7.2: Comparative summary of the relevant literature ARP in street cleaning.

Street sweeping was first introduced as an application of arc routing in [6], where the authors incor-
porated strict time windows — referred to as the ‘parking regulation constraint’ — specifying when each
street could be cleaned. In [12], Eglese addressed the routing of winter gritting vehicles, incorporating time
windows that specify the maximum allowable time from the start of a shift to the service of a given street
segment. The author proposed a simulated annealing approach to solve this problem.In their dissertation,
Wøhlk [29] covers various aspects of CARP, presenting mathematical formulations and solution approaches
to them. Building on this work, Johnson and Wøhlk [19] introduced a column generation method to address
the CARP with time windows (CARP-TW).

Vansteenwegen [28] study CARP with soft time windows in the context of a mobile mapping van appli-
cation for Tele Atlas. Their underlying arc routing problem is transformed into a vehicle routing problem.
Service times are associated with preferred intervals, but violations are allowed at the expense of penalty costs.
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The authors propose an iterated local search heuristic to solve the problem, without developing a mathemat-
ical model.

The paper [26] is also motivated by winter gritting, and studies a variant of CARP with time-dependent
arc service costs. The problem is formulated and solved using a column generation framework.

Asfar [1] introduced the Capacitated Arc Routing Problem with Flexible Time Windows, where service is
permitted outside the preferred time window at the expense of an additional penalty. This penalty is modeled
as a piecewise linear function of earliness or lateness. To address the problem, the authors proposed a branch-
and-price algorithm based on Dantzig–Wolfe decomposition.

Jin et al. [18] study arc routing problem for urban garbage collection, where servicing an edge within
certain intervals incurs penalty costs. The problem is solved using a combination of heuristic methods and
dynamic programming techniques.

Chen et al. [7] addressed the problem of planning operating routes for road cleaning fleets with the ob-
jective of optimizing both costs and drivers’ route preferences. The latter are considered from two perspec-
tives: visual attractiveness, which reflects drivers’ preferences for certain routes, and operational attractive-
ness, which reflects preferences for the internal route structure. In their model, cleaning vehicles depart from
a depot, replenish water from a water replenishment station, perform cleaning tasks, and visit intermediate
facilities (water replenishment and sewage disposal stations) as needed. Upon completing their tasks, the vehi-
cles dispose of sewage at a sewage station before returning to the depot, thereby completing the operation. To
address this problem, the authors proposed heuristic methods based on Randomized Merge procedure [8],
enhanced by two strategies designed to improve driver acceptance: imitating drivers’ routing behavior to
strengthen operational attractiveness, and reducing route overlap to enhance visual attractiveness.

Parsons et al. [22] investigated the street-sweeping problem in the city of Oshawa, Canada. The study dis-
tinguished between two road classes—arterial and collector (AC) roads and residential (RES) roads—analyzed
separately due to differences in their configuration. Street-sweeping operations are conducted in Spring, Sum-
mer, and Fall, with each season presenting distinct conditions in terms of debris accumulation and opera-
tional principles. Each road segment must be swept as many times as there are curbs: one-way roads require
two passes in the same direction of travel, while two-way roads require one pass in each direction. The road
network also includes a central depot and temporary debris storage facilities, and the model accounts for sev-
eral practical constraints, including shift length, fuel capacity, debris capacity, and water capacity. For the AC
and RES classes, the authors first applied a two-stage clustering method, combining the weighted k-means al-
gorithm with differential evolution, to divide the road network into operational areas. Within each area, they
developed a routing algorithm to minimize the number of routes required to service all edges. This phase
employed a three-step augment–merge algorithm to generate initial solutions. U-turns were subsequently
reduced using a modified version of Hierholzer’s algorithm combined with tabu search, and any remaining
U-turns were eliminated through a forward-searching ant colony optimization procedure.

7.2.1 Other related routing problems

While not strictly dealing with street cleaning, this section will discuss research into other routing problem
classes. These can also prove useful, as their constraints, objectives and even modeling techniques can share
similar characteristics to the CARP formulations discussed above.

7.2.1.1 Route optimization

Zhang et al. [32] addressed the increasing use of electric vehicles (EVs) in distribution services due to environ-
mental concerns over greenhouse gas emissions. Unlike conventional vehicles, EVs require en-route recharg-
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ing due to limited battery capacity, making traditional routing schemes unsuitable. The study introduced
the electric vehicle routing problem (VRP) (which may be considered a type of pollution-routing problem
which extends on the VRP by considering fuel consumption costs, operational costs and greenhouse gas
emissions), formulated a mathematical model aimed at minimizing energy consumption and incorporated a
detailed energy usage calculation. To solve the problem, an ant colony (AC) algorithm and an adaptive large
neighborhood search (ALNS) were tested on newly generated instances after which the former algorithm was
proposed.

Their AC algorithm is hybridized with an iterated local search (ILS), marking the first application of this
approach to solving the considered problem. The algorithm begins by generating traveling salesman problem
(TSP) solutions based on a trail intensity matrix and a saving value to determine customer visit sequences.
These solutions are converted to VRP and then electric VRP solutions by inserting depots and recharging
stations according to energy and capacity constraints. The initial electric VRP solutions are improved using
an ILS scheme, which perturbs and refines routes using four local search operators, namely 2-opt, relocate,
exchange and station insertion/removal. To benchmark the AC algorithm, the authors adapted the ALNS by
Goeke and Schneider [15] for the electric VRP. The ALNS begins with a randomly generated initial solution
and iteratively applies destroy and repair operators, elected based on probabilities, to remove and reinsert
customers. The solution is then improved using local search and accepted based on simulated annealing (SA)
criteria.

A core issue in waste management systems is organizing operations in a way that maximizes efficiency and
profit while minimizing financial costs. A major contributor to operational expenses in waste collection is the
time spent by drivers, the usage time of collection vehicles and the total distance traveled. Wojciechowski et
al. [30] presented a practical route optimization method for vehicles collecting both mixed and segregated
urban waste. The approach focuses on determining the most efficient order for visiting city streets. The aim
is to reduce unnecessary travels, such as empty runs and repeated passes over the same segments, which in
turn shortens both distance and working time. Their proposed method offers a universal, adaptable frame-
work making it applicable to improving vehicle routing in other areas and offering a starting point for further
refinement and optimization of waste collection logistics.

The authors presented three heuristic/metaheuristic approaches, namely a nearest neighbor search, ant
colony optimization (ACO) and a genetic algorithm (GA), to solve the considered problem, each with unique
design choices tailored to the problem. Their nearest neighbor search limits route construction to a series of
greedy choices based on local proximity, selecting the next closest unvisited street at each step and using a
linear programming formulation to enforce that each location is visited exactly once. In the ACO algorithm,
the authors specifically model pheromone deposition as inversely proportional to route length and incorpo-
rate pheromone evaporation to discourage convergence on longer routes. For the GA, the authors used TSP
methodologies to select initial populations based on proximity to a starting point, applied problem-specific
crossover techniques (including partially mapped, order and cycle crossovers) and implemented a diverse set
of mutation operators (including inversion, insertion, relocation and mutual exchange) to introduce variabil-
ity.

7.2.1.2 Arc routing problems for waste management

The literature on waste collection is typically categorized by waste type (commercial, residential and roll-on-
roll-off) each with distinct operational characteristics, such as customer types, vehicle capacities and container
sizes. Most studies aim to optimize vehicle routing to minimize distance and cost. Street sweeping, a key mu-
nicipal waste management task, involves vehicles with limited bin capacity traversing both sides of streets and
unloading at disposal sites, while also adhering to municipal restrictions like parking hours and noise regula-
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tions. The study by Yurtseven an Gökçe [31] introduces a novel perspective by incorporating electric-powered
sweepers, which are quieter and more energy-efficient but introduce new challenges related to battery recharg-
ing.

The authors solved the electric street sweeping routing problem as an arc routing problem that aims to
minimize the total energy consumption and operational costs of electric-powered sweepers while adhering
to real-world constraints. The problem involves routing a heterogeneous fleet of electric sweepers, each with
limited battery life, bin capacity and a water tank, across a network of city streets that vary in width, slope
and length. Sweepers begin their routes fully charged from a central depot and must return after servicing
all required arcs, some of which have time windows or require more frequent cleaning. The sweepers must
also decide when and where to recharge their batteries and empty their waste at one of the many disposal
sites. Additional constraints include driver rest and lunch breaks. The authors proposed a mixed integer
programming model and solved it using the CPLEX 12.8 solver. Lastly, they presented a case study consisting
of a small street area in Izmir, Turkey.

On the other hand, the study by Babaee Tirkolaee et al. [27] addressed the urban solid waste management
problem by formulating a multi-trip capacitated arc routing problem that accounts for the uncertain nature
of waste generation using chance-constrained programming. The formulation is based on fuzzy credibility
theory with the objective of minimizing total operational costs. The problem was modeled on an undirected
graph where the depot and disposal facilities are located at separate nodes and each required edge, representing
streets needing service, is served by exactly one vehicle which may undertake multiple trips. To solve this
complex problem efficiently, the authors proposed a hybrid augmented ACO algorithm, similar to that by
Wojciechowski et al. [30], integrating an improved max-min ant system with a novel probability function
and SA. The Taguchi method was used to perform parameter tuning. The model incorporates key real-world
constraints such as heterogeneous vehicles, fuzzy edge demand and an urban-to-outskirts routing structure.

The proposed metaheuristic is distinguished by its strategic integration of demand-awareness and so-
phisticated pheromone management. Unlike standard ACO procedures, the authors introduced a demand-
sensitive probability function that biases ants towards high-demand edges earlier in the solution process,
directly fitting the street-sweeping context. Additionally, their version of the max-min ant system used a
pheromone trail smoothing mechanism, which adaptively adjusts pheromone levels based on deviation from
upper bounds. This mitigates the risk of early convergence to near-optimal solutions. They further enhanced
this by applying SA to refine a pool of 200 initial solutions generated by the greedy randomized adaptive
search procedure, ensuring the pheromone matrix begins from a strong foundation. Their customized SA
implementation includes five specialized local search operators, such as intra- and inter-route edge swaps and
classical 2-opt and 3-opt moves, designed to account for electric vehicle constraints like battery limits and
service time windows.

7.2.1.3 Chinese postman problems

The Chinese postman problem (CPP) is a classic problem in graph theory that asks for the shortest closed
path or circuit that visits every edge of a graph at least once. The arc routing problem is a generalization of
the CPP. While the Chinese Postman Problem (CPP) requires all edges in the graph to be serviced, the Arc
Routing Problem (ARP) considers only a subset of edges, referred to as required arcs, that must be visited.
These arcs may include streets that require cleaning, garbage collection or mail delivery. It is therefore worth
investigating the literature on CPPs. Two papers have been identified in the literature survey by Corberán et
al. [9].

Firstly, Corberán et al. [11] considered a maximum benefit Chinese postman problem (MBCPP), which
is an NP-hard extension of the classic CPP, where each edge yields multiple benefits depending on how many
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times it is serviced. The goal is to determine a closed walk that maximizes the total accumulated benefit.
To tackle this, the authors presented an integer programming formulation for the undirected version of the
problem and developed a branch-and-cut (B&C) algorithm based on the polyhedral structure of the solution
space. The B&C algorithm improves on the linear programming (LP) relaxation by iteratively adding violated
inequalities through a cutting-plane approach. Initially, the LP includes key constraints, such as parity and
variable bounds. At each iteration, violated inequalities are identified using separation algorithms. These in-
clude heuristic and exact methods for detecting connectivity, parity K-C and p-connectivity violations based
on support graphs derived from fractional LP solutions. The algorithm prioritizes fast heuristics to limit com-
putational effort, only applying exact procedures when necessary. Their method was tested computationally
on instances with up to 1,000 vertices and 3,000 edges, demonstrating its scalability and effectiveness.

Similarly, the research proposed by Shafahi and Haghani [24] introduced the generalized maximum ben-
efit 𝑘-Chinese postman problem, which extends on both the maximum benefit and multiple vehicle CPPs.
The authors developed a novel mixed integer programming formulation capable of handling multiple realistic
routing scenarios. Four distinct cases of the problem are considered to reflect varying operational constraints.
In the first case, arc-routing is performed with fixed profits and each vehicle is required to start and end its
route at the same user-defined location. The second case relaxes this by allowing the user to select different
possible origins and destinations for each vehicle. The third case keeps the origin fixed but lets the model de-
termine the most beneficial destination. The fourth and most flexible case allows the model to freely choose
both origins and destinations for each vehicle, optimizing overall benefit. The model is applied to a real-world
security patrolling problem on the University of Maryland campus network. The authors did not report on
any solution methods used to solve the four cases.

7.3

Conclusions

This chapter reviewed the literature on urban street cleaning by framing it as a variant of the capacitated arc
routing problem (CARP), where streets requiring service must be scheduled under constraints such as vehicle
capacity and time windows. After outlining mathematical formulations of CARP, its variants, and their com-
putational complexity in relation to vehicle and node routing models, the discussion turned to applications
beyond street cleaning, including winter gritting, waste collection, and digital mapping. Within this context,
solution approaches were shown to evolve from early heuristics and neighborhood search techniques to exact
algorithms, branch-and-price methods, and advanced metaheuristics, with foundational insights drawn from
classical problems such as the Chinese Postman Problem.

This review highlights that the literature on urban street cleaning and related real-world applications of
CARP remains limited. Most proposed methods target specific use cases, often reformulating the underlying
CARP as a node-routing variant. Furthermore, the development of generally efficient approaches that can
jointly address multiple practical constraints, such as vehicle capacities, time windows, U-turn restrictions,
and longer planning horizons, has yet to be fully explored.
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Chapter VIII

Mobile Clinics

This chapter is motivated by a practical application of vehicle routing problems (VRPs) to mobile clinic rout-
ing and scheduling in rural South Africa. The mobile clinics case requires designing efficient multi-depot,
multi-vehicle routes while balancing staff workloads, minimizing travel, and ensuring continuity of patient
care. The problem aligns closely with home health care routing, and periodic vehicle routing problems, and
is shaped by both logistical and service-related constraints. This problem illustrates how combinatorial opti-
mization techniques can support healthcare logistics, improving both cost-effectiveness and equity of service
provision.

Keywords: Mobile clinics, vehicle routing problem, multi-objective optimization.
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Remote regions often have limited access to healthcare and long distances have to be covered to access nearest
facilities. To address this, mobile clinics are often used to improve access to healthcare in remote regions. In
this chapter, mathematical approaches in literature to improve location and routing efficiency for similar real
world problems are presented.

The mobile clinic setting that inspired this chapter is in the Witzenberg region, located in the Western
Cape in South Africa. It is a mountainous area comprised mostly of farmland (about 148 farms) and farm
workers living on the farms ranging from 10 to over 1000. Farm workers typically do not have their own
transport but rely on their employee (farmers) to transport them to nearest towns when necessary. Within the
same region, there are only eight healthcare facilities and one district hospital. These factors make it difficult
for the farm worker population to access care. Three mobile clinics have been deployed in the region, to make
primary healthcare more accessible to the farming communities. Each mobile clinic has an assigned daily
route that services pre-specified farms according to a monthly schedule. In order to reduce communication
barriers and provide continuity of care on farms, the farm visits follow a predictable schedule that is easy
to remember for farm workers, and the farms are visited by the same mobile clinic each month. The three
mobile clinics are based at two different clinics in the region and are serviced by staff from these clinics. In
cases where they cannot complete the work on the assigned farm on the day, they return the next day. The
routes and schedules for the mobile clinics in the Witzenberg region were created years ago, and the efficiency
and fairness of these routes between the mobile clinics have been under scrutiny. Routes overlap between
mobile clinics, and the workload is not evenly spread between the mobile clinics, where some mobile clinics
serve larger farming communities than others (and hence more patients), and some mobile clinics are covering
longer distances but serving smaller communities.

The mobile clinic mathematical problem considered in this chapter involves assigning a set of mobile
clinics to a set of farms over multiple days, ensuring that each mobile clinic’s daily schedule fits within their
working hours, and ensuring that all farms are visited at least once over a 4-week period. Each mobile clinic
starts and returns to the same depot each day, but there are multiple depots from where mobile clinics are
operated. The objectives are to minimize total distance over all mobile clinics and maximize an equitable
distribution of working time and travel time between the mobile clinics.

In a study by Callaghan et al. [3], a three-stage heuristic model was presented to solve the multi-depot
periodic vehicle routing problem with fairness for the Witzenberg region. This model follows a multi-vehicle
routing problem approach in the first stage for determining all the daily routes for the three mobile clinics
that minimizes transport cost, a knapsack problem for distributing daily routes fairly amongst the mobile
clinics in the second stage, and a vehicle routing problem approach in the third stage to schedule the routes
in such a way that transport cost would be minimized should they have to return to a farm from the previous
day (unfinished work), before continuing with the new daily route. The model was solved using a branch-
cut-and-price algorithm for the first and third phases, and a branch-and-bound method for the second phase.
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A list of literature related to the mobile clinics problem is given in Table 8.1. Information on the type
of problem, whether uncertainties were considered, different approaches, whether continuity of care was
considered, and whether fairness was considered is given. Mobile clinic related literature are mostly focused on
the location of facilities problem, whereas the problem as defined here is a periodic vehicle routing problem.
When considering the home health care problem in literature, it is found to be a more similar problem to the
mobile clinics problem considered in this study.

The home health care problem is therefore reviewed first, in §8.1. Heuristics that solve related problems
are then looked at in §8.2. Metaheuristics, in particular neighborhood search algorithms and evolutionary
metaheuristics, are summarized in §8.2.1 and §8.2.2, respectively. The literature review closes off in §8.3 with
optimization approaches that use exact algorithms in their implementation. Vehicle routing problems, lo-
cation routing problems, covering tour problems, location-routing problems, facility location problems and
scheduling problems are found in this section, since the methods used to solve them may be useful to solve
the one considered in this study.

8.1

Home health care problem

The mobile clinic routing and scheduling problem is related to the home health care routing and scheduling
problem. Decerle et al. [4] looked at the home health care (HHC) problem which involves assigning a set
of caregivers to patient visits within a single day, ensuring each caregiver’s schedule fits within their working
hours and starts and ends at a designated office. Visits must begin within specific time windows agreed upon
with patients, with varying degrees of flexibility based on the care required. Only compatible caregivers can
perform certain visits, and some visits require synchronized arrival by two caregivers. The objectives are to
minimize total travel time, maximize service quality (especially timely and synchronized visits) and minimize
the maximal working time difference between the caregivers. They formulated the problem as a mixed-integer
linear programming model which may be considered as a multi-depot vehicle routing problem (VRP) with
time windows, synchronization constraints and workload balance.

They proposed a hybrid metaheuristic combining ant colony optimization (ACO) with a memetic algo-
rithm (MA) to solve the problem. Each solution in the population is represented as a table of caregiver routes,
which may vary in length. This direct encoding eliminates the need for decoding during optimization. The
algorithm maintains a shared population of feasible solutions and alternates between applying MA and ACO
operators at each iteration, based on a fixed probability parameter. If the MA is selected, traditional genetic
operators like selection, crossover and mutation are applied. Otherwise, new individuals are generated us-
ing the ACO procedure. Throughout the process, only feasible solutions are maintained. All operators are
therefore designed to preserve feasibility without requiring any repair mechanisms.

Frifita and Masmoudi [7] extended the work by Decerle et al. [4] by considering a VRP with time win-
dows, temporal dependencies, multi-structures and multispecialties. Temporal dependencies include syn-
chronization (similar as in the paper by Decerle et al. where several caregivers need to arrive at a given patient),
precedence and disjunction. Precedence constraints enforce a strict ordering ensuring that one visit must be
completed before another can begin. Disjunction constraints, on the other hand, enable mutual exclusivity
in the sense that only one specialty from a set of alternative specialties can be assigned to a patient during a
visit. Regarding the multi-structures component of the problem, this component refers to the involvement
of multiple home care organizations, each offering different types of services such as social assistance, nursing
care and medical services.

The authors developed three variable neighborhood search (VNS) algorithms, namely a standard VNS,
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a VNS hybridized with several local searches (GVNS) and GVNS with an ejection chains (EC) based local
search. Six neighborhood structures are proposed. Three of the intra-route operators include exchanging the
positions of two adjacent nodes in the same route (adjacent swap), replacing a pair of nonadjacent arcs with
a new pair (2-opt) and removing a set of adjacent nodes followed by inserting them between other adjacent
nodes in the route (block insertion). The three inter-route operators exchange the positions of any two nodes
located in different routes (swap), move a sequence of visits from a larger route into a smaller one at a random
position (shift) and randomly select a set of visits from each route and permute them (OR-OPT). Lastly, there
are four local searches that are implemented in the VNS algorithm.

1. LS1 detects visits violating time windows and temporal dependencies and reinserts them into the best
feasible position in the same or different route.

2. LS2 randomly selects a visit and reinserts it into the best feasible position, repeated 100 times.
3. LS3 applies LS1 followed by LS2.
4. The EC-based local search randomly ejects a visit from a route and inserts it into another. Further visits

are possibly ejected from routes in which ejected visits were inserted creating a chain. This process is
continued until the capacity is maintained after which the resulting feasible solution is kept in memory.

Fathollahi-Fard et al. [6] studied a similar problem to those by Decerle et al. [4] and Frifita & Mas-
moudi [7]. Their study, also thought of as an HHC problem, was motivated by the caring of elderly indi-
viduals and providing general hygiene assistance in patients’ homes. A solid strategy for ensuring sustainable
HHC operations involves planning that balances caregivers’ working hours, maintains continuity of care and
accounts for various uncertainties, such as patient availability, service and travel times as well as organizational
regulations aimed at upholding high-quality care standards. As such, both deterministic and probabilistic for-
mulations are provided. The problem is modeled as a multi-depot multiperiod multi-service VRP with time
windows. The objectives are to minimize the total cost of the system, minimize the idle time of the caregivers
and optimize the continuity of care (by minimizing the maximum number of patients for each caregiver as a
min-max function).

Three heuristics were developed to solve the problem. The first heuristic begins each caregiver’s tour with
the patient closest to the pharmacy, then sequentially adds the next nearest patients based on travel cost. The
second heuristic starts the tour with the patient who, on average, is closest to all others (based on the travel
cost matrix), then adds the nearest patients in the sequence. The third heuristic initiates the tour with the
patient furthest from the laboratory, then builds the rest of the tour by adding the nearest patients based on
travel cost. Moreover, they developed two nature-inspired metaheuristics, namely a multi-objective red deer
algorithm (MORDA) and an improved version of it. MORDA works by evolving a population of candidate
solutions through stochastic events such as roaring, fighting and mating, aiming to approximate the Pareto
front of efficient solutions. The improved version introduces adaptive strategies to fine-tune its exploration
and exploitation balance.

A more recent study solving the HHC problem in a pandemic context is by Liu et al. [12]. In the routing
and scheduling problem, unique pandemic constraints such as caregiver contact time limits and multi-trip
routes are considered. Furthermore, the problem accounts for synchronized visits, lunch breaks and time win-
dows. The goal is to assign caregivers to patients and optimize routes while minimizing travel costs, workload
imbalance and patient dissatisfaction.

The authors proposed a hybrid metaheuristic that combines an archived multi-objective simulated an-
nealing (AMOSA) algorithm with an adaptive large neighborhood search (ALNS). It constructs new solu-
tions iteratively using problem-specific heuristics embedded within the ALNS framework, operating under a
multi-objective optimization structure that strategically ruins and recreates feasible solutions. The heuristic
weights are adaptively updated based on the dominance relationship between the newly generated solution
and the existing non-dominated solutions stored in the AMOSA archive. Extensive experiments demonstrate
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its effectiveness with results highlighting that workload balance and patient preference can often be optimized
together. However, minimizing travel costs remains the most challenging objective.

Home Health Care Routing and Scheduling Problems (HHCRSP) literature has increasingly moved be-
yond classical deterministic formulations to address uncertainty in travel and service times. Shi et al. [16] tackle
this challenge by introducing a robust optimization framework that captures variability through a budget-
uncertainty set rather than explicit probability distributions. Their mixed-integer linear model accounts for
time-window constraints and the propagation of delays, and is solved via a hybrid strategy combining exact
optimization and metaheuristics. To validate performance, the authors stress-test solutions through Monte
Carlo simulation, demonstrating that the robust approach consistently produces reliable schedules with con-
trolled sensitivity to uncertainty.

Building on this foundation, Fu et al. [8] propose a stochastic, multi-objective HHCRSP that explicitly
incorporates uncertain travel and service times along with caregiver workload balance. Their formulation
adopts a chance-constrained programming approach and is solved using a Multi-Objective Migrating Birds
optimization algorithm enhanced with stochastic simulation to assess feasibility and solution quality.

In a similar vein, Zhao et al. [18] address a bi-objective HHCRSP under uncertainty, incorporating care-
giver qualifications and workload into the modeling of variable service times. The authors develop a mixed-
integer linear programming model and tackle its complexity using a stochastic Adaptive Large Neighborhood
Search embedded within an Enhanced Multi-Directional Local Search (ALNS-EMDLS). This hybrid heuris-
tic framework generates Pareto-optimal solutions that are tested for robustness through sensitivity analysis,
highlighting the trade-offs between efficiency and service reliability in uncertain environments.

8.2

Heuristics

Savaşer and Kara [15] looked at the planning of mobile health care services in rural areas where doctors visit
remote villages which do not have a health care facility nearby. They produce monthly schedules that contain
assignments of doctors to villages, their visit schedules and where they start and end their tour. The objective
is to increase coverage of such population centres. They modeled the problem as a period location routing
problem subject to constraints imposed by regulations from the Ministry of Health of Turkey. These con-
straints include continuity of care and evenly distributed periodic visits. For example, there are deterministic
rules on frequency of visits based on the population of the visited village. Demand is not explicitly modeled
and a coverage approach is assumed to satisfy the demand.

They developed an integer programming formulation and propose a heuristic algorithm based on a clus-
ter first-route second approach to solve realistic instances of the problem. Their algorithm works by exploiting
the hierarchical relationship between the assignment and routing decisions. In the first stage, villages are al-
located to doctors while ensuring that working hour constraints are not exceeded. In the second stage, the
optimal route for each doctor is determined individually based on their assigned villages so that the total travel
distance is minimized.

8.2.1 Neighborhood search algorithms

Three papers [2, 13, 17] during the period 2022–2024 are presented on neighborhood search algorithms.
Bayraktar et al. [2] studied relief aid provision to en route refugees. Refugee groups can enter and leave the
network at different time period, following predefined paths. During each period, a group moves from its
current node to a neighboring one along this path. Facilities must be placed at specific nodes in each period
to deliver service to the refugees located there. Additionally, every refugee group must receive service at least
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once within a specified number of consecutive time periods. The authors addressed it as a multi-period fa-
cility location problem in which both the facilities and demand are mobile on a network. The problem is to
locate the facilities in each period to minimize the total setup and travel costs of the mobile facilities while
ensuring the service requirement is met. The aim is to determine the locations, and thus the routes, of the
mobile facilities during the planning horizon to satisfy the refugee service requirements while refugees follow
their paths.

The authors developed an ALNS to solve the problem. They proposed three destroy operators and four
repair operators. The three destroy operators are explained first. The first operator randomly selects and
removes individual service acts provided by randomly chosen mobile facilities. The second operator removes
the entire visit schedule and associated service acts of randomly chosen mobile facilities. The third operator
uses a relatedness-based heuristic to remove service acts that are similar in terms of location, time period and
refugee groups services. The first repair operator randomly selects a minimal feasible service act sequence
(FSAS) for an uncovered path and inserts its missing service acts into the visit schedules of mobile facilities.
The second operator chooses the minimal FSAS for an uncovered path tat causes the smallest increase in the
objective function value and inserts its missing service acts into the solution. The third operator selects the
most costly FSAS and inserts all its missing service acts. The last operator ranks all FSASs of each uncovered
path by cost and insert the one with the largest regret value.

A key challenge in horizontal collaborative transportation is ensuring a fair distribution of benefits among
partners, as traditional gain-sharing methods often leave some partners feeling unfairly treated. The study by
Soriano et al. [17] introduces the multi-depot VRP with profit fairness, a bi-objective optimization problem
that incorporates a fairness objective alongside the standard cost minimization objective, to address this prob-
lem. By analyzing the model, the paper investigates how integrating fairness impacts the optimization process.
To approximate the Pareto front for each problem instance, an ALNS is used within an 𝜖-constraint frame-
work. The model is tested across various instance types and planning horizons and the resulting Pareto fronts
are evaluated using different performance metrics.

The six destruction operators each remove 𝑧 nodes from the current solution using different strategies.
The random operator selects nodes entirely at random while the worst operator removes those whose re-
moval yields the greatest decrease in travel distance. The related operator starts with one random node and
iteratively remove the most closely related nodes based on distance and the route operator targets routes with
high travel-per-customer ratios. The historical operator uses past performance data to identify and remove
nodes frequently involves in poor solutions while the proximity operator removes nodes that are closest to
depots other than their current assignment. Two reconstruction operators are defined using insertion scores.
Greedy insertion selects nodes with the lowest insertion cost, choosing randomly among the top three, while
regret-𝜅 insertion prioritises nodes with the largest gap between their best and 𝜅-th best insertion options.

The work by Londoño et al. [13] is similar to the research by Frifita & Masmoudi [7]. They looked at a
multi-objective multi-depot VRP in which the distance traveled by the vehicles and the standard deviation
of the routes across all vehicles are minimized. The second objective function addresses fair work balance
by ensuring that the routes are of approximately equal length. The main contribution of the study is the
hybridization of the Chu-Beasley genetic algorithm (GA) and VNS, where the latter is embedded within the
former, a strategy that has shown strong performance in previous multi-depot VRPs. To support decision-
making, the results are presented as a set of non-dominated solutions forming a Pareto front.

The Chu-Beasley GA is a modification of the original GA in the sense that a single individual is changed
in each generation as opposed to the entire population. In their proposed algorithm, one-point crossover
is applied to two randomly selected parents by tournament selection. After crossover, only one offspring is
passed to the next stage together with the remaining parents. The offspring may result in infeasible solutions
if depots are misplaced in the routes, which are penalized in the fitness function. After the mutation stage,
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VNS is performed as a local search on the resulting offspring. It utilizes three intra-operators, namely relo-
cating a customer within the same route between adjacent customers, swapping two customers within the
same route and reversing the sequence of consecutive customers within a single route. It also employs three
inter-operators, namely relocating a customer from one route to another, swapping two customers from dif-
ferent routes as well as reversing a sequence of customers across two routes and inserting the resulting reversed
sequence in the other route of the two routes.

8.2.2 Evolutionary metaheuristics

Doerner et al. [5] considered a location-routing problem in health care management. In their problem, a
closed tour with stops selected from a given set of population nodes has to be found. Not every node needs
to be part of the tour. Tours are evaluated according to three criteria which form the objectives of the multi-
objective problem.

1. The first objective is to determine an economic efficiency criterion related to the tour length. The
effectiveness of workforce employment is measured by the ratio between medical working time and
total working time, including travel time and facility setup time.

2. The criterion of average distances to the nearest tour stops is the second objective. Average accessibility
is measured by a low average time required by the inhabitants of the considered region to reach the
nearest tour stop or the nearest stationary facility.

3. The third objective is the coverage criterion measuring the percentage of the population unable to reach
a tour stop within a predefined maximum distance.

To compute approximation to the set of Pareto-efficient solutions, they proposed a Pareto ant colony opti-
mization (P-ACO) technique as well as two GAs, namely the vector evaluated GA (VEGA) and the multi-
objective GA (MOGA). P-ACO extends on the standard ACO in three key ways, namely introducing an
outer iteration where random weights are assigning to each objective function, incorporating a mechanism
to verify whether a newly discovered solution is non-dominated with respect to the current set of candidate
solutions and vice versa, and employing a more sophisticated method for managing pheromone levels. VEGA
divides the population into three equal parts, each associated with one of the objective functions. From each
fraction, a new subset of solutions is selected using the standard GA selection process based on the corre-
sponding objective function. These subsets are then merged and shuffled to form a new population of the
original size. A key distinction between VEGA and MOGA is that MOGA uses a specialized ranking mech-
anism designed to prevent the emergence of solution groups that perform well on only one objective but
poorly on the others.

8.3

Optimization approaches using exact algorithms

Vehicle routing problems are presented in Section 8.3.1 while studies in which the considered problem is for-
mulated as a set-packing or set-partitioning model, may be found in §8.3.2.

8.3.1 Vehicle routing problems

Three papers [3, 11, 14] that study vehicle routing problems in which exact algorithms are implemented as
solution techniques, are summarized. Providing adequate primary health care in developing countries is of-
ten challenging due to the need to balance the number of facilities. Enough facilities need to be ensured to
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maintain geographic accessibility while keeping them sufficiently staffed and supplied. In many low-income
regions, this challenge is worsened by long rainy seasons, during which travel is restricted to paved roads. To
address this issue in Ghana’s Suhum District, the study by Hodgson et al. [11] applies a covering tour model
that explores the use of mobile facilities, aiming to minimize travel distances while ensuring all population
centers are served within reach of feasible stops. To solve the problem, the authors applied an exact algorithm
developed by Gendreau et al. [9].

Salman et al. [14] considered health service delivery to Syrian seasonal migrant farm workers in Turkey
by means of mobile clinics. Their approach to modeling is multi-depot selective routing with limits on tour
distance and visit frequencies for multiple service types, e.g. vaccination, screening, gynecology and health
education, over a finite planning horizon. Multiple clinics departing from their depots visit the selected stop
points. A demand point is covered for a service type when it is located within an acceptable distance from
at least one clinic’s stop point where it can serve its demand. Demand is assumed to emanate from migrant
workers in agriculture, but it is not explicitly modeled. It is assumed that a stop near enough to demand points
is sufficient to cover all demand with no capacity limit.

They presented a binary integer programming formulation with three objective functions, namely the
maximization of the total demand covered, minimization of the total number of clinics while covering pre-
determined levels of demand and the minimization of the total travel distance while covered predetermined
levels of demand and number of clinics. They used the augmented 𝜖-constraint method to explore the trade-
off between two key objectives, namely maximizing the total coverage and minimizing the number of clinics
used. This approach transforms one objective into a constraint and systematically reduces its bound (𝜖) to
generate a set of non-dominated, Pareto-efficient solutions. By assigning a 1% decrement in total coverage and
a 0.01 multiplier on the surplus of the coverage constraint, they obtained efficient trade-offs over a one-month
planning horizon.

Callaghan et al. [3] focused on improving the implementation of mobile health services through a case
study conducted in the Witzenberg region of South Africa, where mobile clinics are deployed to serve re-
move rural communities. The study not only addresses the operational challenge of assigning villages or
farms to mobile clinics and determining their monthly visit schedules, but also highlights the importance
of cross-disciplinary collaboration between operations researchers and health care professionals. To increase
the likelihood of successful implementation, the authors proposed a three-phased mixed-methods modeling
framework that integrates practical health care considerations, such as workload balance and fairness, with
classical operational objectives like minimization of travel distance.

In the first phase of the authors’ framework, both qualitative and quantitative data are collected using
qualitative research methods to understand the context and needs of the health care system. In the second
phase, a three-stage optimization model is developed. In the first stage, a multi-depot VRP is solved using a
branch-cut-and-price algorithm to determine the set of daily clinic routes. In the second stage, a knapsack
problem is solved using a branch-and-bound method in an exact solver to fairly allocate the routes among the
clinics. In the third stage, a customize routing model constructs monthly schedules that minimize the travel
distance between the last stop of one day and the first stop of the next, particularly relevant when clinics
must return to the same location. Finally, in the third phase of the authors’ framework, the analytic hierarchy
process is used in collaboration with key decision makers to evaluate and select their preferred solution from
among the modeled alternatives.

8.3.2 Set-packing and set-partitioning formulations

Two papers [1, 10] that incorporate set-packing and set-partitioning formulations, are presented. Long-distance
truck drivers in Sub-Saharan Africa face high risks of HIV and other infectious diseases. To address this, the
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non-governmental organization called North Star Alliance deploys roadside wellness centers (RWCs) at key
truck stops. As their network expands, ensuring equitable health care access across all routes becomes in-
creasingly important. Ares et al. [1] addressed the challenge of optimally locating a fixed number of RWCs by
balancing effectiveness and equity. The authors proposed a novel set-partitioning model and a column gener-
ation algorithm with advanced techniques, achieving near-optimal solutions for large instances and demon-
strating that both objectives may be satisfied simultaneously.

The incorporated techniques include dual stabilization, column pool management and accelerated pric-
ing.

• Column generation frequently exhibits significant fluctuations in dual variable values between itera-
tions, which can cause slow convergence and lead to degeneracy. To address this, various techniques
have been developed to stabilize the dual variables and, in turn, speed up the convergence process.

• Every generated column is stored in a column pool. Before each iteration, each column in the pool is
evaluated to decide whether it should be included in the restricted master problem (RMP). The goal
is to balance between maximizing the RMP’s objective of including as many promising columns as
possible and to reduce the RMP’s solution time by limiting the number of columns selected.

• Rather than solving the pricing problem to optimality, accelerated pricing aims to rapidly find a promis-
ing, though not necessarily optimal, variable by solving a series of shortest path problems.

Santa González et al. [10] provided a set-packing formulation for the tactical planning of mobile clinic de-
ployment, which is considered to be a multi-period location-routing problem (MLRP). The proposed model
aims to select communities to be served and design routes to be performed such that health benefits, measured
by means of coverage and continuity of care functions, are maximized throughout the planning horizon. The
total benefit of providing health care services is maximized while taking into account a budget for the opera-
tional and logistics expenses. Continuity of care is maximized by ensuring that an individual is visited multi-
ple times by the mobile clinics. The authors assessed the value of continuity of care by testing functions with
different patterns of the marginal benefits offered by additional visits.

The authors propose a route-generation algorithm which generates a predefined set of feasible routes to
be used as input for solving th MLRP using an exact algorithm. The process algorithm requires an estimate
of the maximum number of villages a route may cover, calculated based on the available time after serving 50
patients and the setup time per village. The algorithm systemically generates all possible routes that start and
end at specified depots, initializing relevant route data and computing associated parameters such as total
duration, distance and cost. The duration accounts for village setup times, patient service times and travel
time while the cost is calculated as a linear function of distance. Only routes whose total duration does not
exceed the allowed time limit are included in the final set of feasible routes.

8.4

Conclusions

Despite this rich theory, several research gaps remain in solving more complex variants of vehicle routing prob-
lems, specifically related to multi-depot, capacitated, periodic, stochastic problems, and those that consider
additional objectives such as fairness. These problems are NP-hard to solve, and for larger instances, require
the use of metaheuristics.
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Chapter IX

Patrolling Streets

Private security companies provide rapid alarm response and visible patrol services, complementing police
forces while competing for clients through reliability and speed. This chapter focuses on the armed response
problem, which focuses on allocating and routing patrol cars to balance three goals: minimizing travel dis-
tances (cost efficiency), ensuring equitable distribution of vehicles (client trust), and reducing response times
(service quality). The study frames armed response within the broader literature on police patrol and emer-
gency service optimization. We review related approaches across four domains: district design, resource allo-
cation, patrol route design, and dynamic relocation strategies. By linking private security practices to estab-
lished operations research and graph-theoretic methods, this chapter highlights opportunities for efficient,
fair, and client-centered policies.

Keywords: Resource allocation, call for service, response time, redeployment policy, dynamic relocation.
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Private security companies play an increasingly important role in urban safety, as an added layer of security that
supports police patrolling. They offer rapid alarm response services to paying clients alongside visible street
patrols. Their dual mission – minimizing response times while maintaining a reassuring public presence –
poses a significant operational challenge. In this chapter, mathematical approaches to address this challenge
are presented.

The search for mathematical solutions to minimize response times and determine efficient vehicle lo-
cations is motivated by the private security context in South Africa, where numerous companies provide
round-the-clock patrol and monitoring services with trained teams ready to respond to alerts and dispatch
emergency assistance. These companies offer an additional layer of support to paying clients, independent
from police patrolling services that serve the broader public. Clients have alarms installed (as a security mea-
sure against theft) in their homes or offices. When an alarm is triggered, the security company must dispatch a
patrol car as quickly as possible to assess the situation. Competition among companies makes rapid response
times a key differentiator. Additionally, patrol cars frequently circulate near clients even when not responding
to alarms, enhancing perceived reliability through the visible presence of security personnel.

The armed response problem considered in this chapter involves assigning a set of patrol cars (guards) to a
set of clients, ensuring that each client receives adequate security service. The objectives are to minimize total
distance covered over all patrol cars (from a company cost perspective), maximize an equitable distribution of
patrol cars across the network of clients (from a client perception perspective), and minimize response time
should an alarm be triggered in the network (from a client experience perspective). The problem also involves
assigning positions to patrol cars so that, at any time, an available vehicle can reach a house experiencing an
alarm within a short response time. Vehicles responding to an alarm are considered unavailable until the
situation is resolved, and those not responding typically patrol the streets and neighborhoods regularly, both
to maintain coverage and to enhance the perceived presence of security.

Many problems related to the armed response problem have been studied in the literature. There is a
vast literature on police patrolling problems; see, e.g., [30], where a systematic overview is provided from the
practice of Operations Research point of view. In [30], the problem is divided into three separate stages:

(a) District Design,
(b) Resource Allocation,
(c) Route Design,
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and for each of them, several criteria (cost, time, etc.) are considered along with the different possibilities for
the models.

The district design problem is first reviewed in §9.1, which includes graph partitioning problems. Re-
source allocation models are then reviewed in §9.2, which includes set covering approaches, facility location
models, and location-routing models. In §9.3 research done on patrol route design is considered. Finally, in
§9.4, the relocation problem is considered wherein, once a response vehicle is assigned to an alarm, all remain-
ing vehicles should be relocated to ensure that all coverage constraints are met.

9.1

District design

District design (also referred to as police districting, beat design, or sectoring) concerns the partitioning of a
service region into contiguous territorial units assigned to individual response agents or patrol vehicles. Well-
designed districts materially affect workload balance, visibility, and response performance, and thus constitute
a fundamental first stage in the armed response pipeline [25].

Typical objectives and constraints in districting models include: equitable distribution of expected de-
mand or workload across districts; bounds on travel time or response time from any demand point to its
assigned resource; contiguity/connectedness of each district; geometric compactness or limits on shape irreg-
ularity; and size constraints measured in area, population, or client counts [25]. Practical districting must
therefore trade off several often competing goals (equity, service level, and geographic regularity) while re-
specting administrative or operational constraints.

A variety of algorithmic approaches appear in the literature. Metaheuristics such as simulated annealing
and other neighbourhood-search methods have been successfully used to explore the combinatorial space of
contiguous partitions and to enforce shape or size constraints while optimizing workload and response met-
rics [11]. Complementary approaches use mixed-integer programming and covering/location formulations
to capture explicit service constraints: for instance, maximal covering and backup/backup-coverage formula-
tions enable designers to impose explicit response-time guarantees and to ensure redundancy where needed
[10]. In practice, these optimization techniques are frequently combined with GIS tools and empirical travel-
time estimates to ensure that candidate partitions translate into desirable operational performance in the field
[25].

Empirical and computational findings reported in the literature reveal common patterns: allowing mod-
erate flexibility in district shape can yield substantial improvements in workload balance or coverage without
large increases in response time, whereas very strict geometric constraints (strong compactness or convexity
requirements) may force trade-offs that degrade performance on service measures. The choice of atomic unit
for partitioning (census blocks, reporting districts, street segments) also matters: finer granularity increases
modeling fidelity but raises computational cost and data requirements [11, 25].

In addition to applied research on police districting and patrol planning, there exists a substantial body of
more theoretical work on graph partitioning. In these studies, the practical problem of dividing a service area is
abstracted to a formal graph-theoretic setting, where the goal is to partition a graph into subgraphs that satisfy
specific constraints, such as bounded diameter, connectivity, or compactness. These works provide funda-
mental insights into the computational complexity, algorithmic strategies, and approximation approaches for
partitioning graphs according to defined parameters, establishing a bridge between combinatorial graph the-
ory and real-world applications like emergency response or patrol design. For example, the paper [11] models
police district design as a graph partitioning problem, where a city or service area is represented as a network
of nodes (e.g., intersections or neighborhoods) and edges (streets or travel paths). The goal is to divide the
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graph into patrol districts such that each district is contiguous, compact, and balanced in workload, while
also minimizing travel times and response times within districts. The authors formulate this as an optimiza-
tion problem and apply simulated annealing to find high-quality partitions. In essence, the work explicitly
treats district design as a bounded-diameter partitioning problem, where the “diameter” reflects travel or re-
sponse distance, linking theoretical graph partitioning concepts directly to practical police patrol planning.
The paper [8] investigates the computational complexity of partitioning a graph into clusters with a specified
maximum diameter. The authors explore the decision problem of determining whether a given graph can be
partitioned into clusters such that each cluster has a diameter not exceeding a specified value. They analyze the
problem’s complexity and provide insights into its computational challenges. The paper [14] studies cluster-
ing problems in graphs where each cluster must be connected and the goal is to keep clusters compact, either
by minimizing the maximum distance to a cluster center or the maximum distance between any two points
in a cluster. The authors develop approximation algorithms for these problems, analyze their computational
complexity, and provide improved results for special types of metrics, such as Euclidean spaces. In the context
of graph partitioning, the relevance of this work stems from the fact that it explicitly addresses partitioning a
graph into connected subgraphs with bounded diameter, which is analogous to designing patrol regions or
response zones where connectivity and travel distance constraints are important.

For the armed response problem specifically, district design must be considered together with vehicle
routing and dynamic relocation. Unlike many static districting models that assume resource availability,
armed response settings must account for temporary unavailability of vehicles while they attend incidents;
this calls for districting objectives that are robust to temporary reductions in available coverage and that facil-
itate efficient on-the-fly reallocation or relocation of remaining vehicles.

9.2

Resource allocation

With regard to the resource allocation stage, problems based on time, cost, unpredictability, and workload
variation were considered in [30]. All variants of the resource allocation stage have a vast literature, considering
mathematical programming models (see, e.g., [1, 2, 23, 24, 26, 27, 35]), game theoretic models (see, e.g., [4, 22,
28, 29, 34, 36]), stochastic models (see, e.g., [5, 7]), as well as simulation models (see, e.g., [17, 23, 33]).

In mathematical programming models, the objectives range from minimizing response time and travel
distance to maximizing visibility and coverage.

Location-allocation models for traffic control vehicles are investigated in [1] by Adler et al. They present
various IP problem formulations that ensure full coverage of the network while maximizing police presence.
They applied their models to a real case study of the interurban road network of Northern Israel and compared
the results to the classical models of MCLP (Maximum Covering Location Problem) and SCP (Set Covering
Problem).

The scheduling of a fixed number of security patrols in a rail network is studied in [24]. They propose a
mathematical programming model that maximizes coverage while minimizing total travel distance, and vali-
date their approach on the Singapore rail network.

In [26] the probability that no response vehicle arrives at the problematic spot within the required time
is minimized, thereby accounting for vehicle response times. Real-life data from a Belgian police zone is used
to test their models.

Few studies have examined these variants from a graph-theoretical perspective. This representation estab-
lishes links to a broad range of algorithmic graph problems, including shortest paths [13], network flows [3,
16], and domination problems [19, 20, 21], among others. For example, Blair et al. [6] introduce and analyze
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graph-theoretic models for placing emergency responders to effectively manage multiple simultaneous inci-
dents. The authors define special sets of vertices that ensure coverage when emergencies arise and analyze
the size of such sets across different graph types. In addition, they develop bounds, compute exact values for
several families of graphs, and connect these ideas to well-known concepts in domination theory.

9.3

Route design

Dewinter et al. [12] develop a police patrol algorithm that integrates proactive and reactive patrolling. They
employ a discrete-event simulation model to compare a 𝑝-median redeployment strategy (solved via integer
programming) with several benchmark strategies.

Willemse et al. [31] show that finding optimal patrol routes for guards in a gated community can be for-
mulated as a min-max 𝑘-Rural Postman Problem. They propose a tabu search algorithm to solve this problem
and apply it to the Midfield Estate in Gauteng, South Africa.

Some graph-theoretical models make use of spanning trees and Hamiltonian cycles to find optimal patrol
routes in a network. For instance, to identify important patrol routes that account for both the significance of
locations and the network topology, Chawathe [9] presents a dynamic programming approach that leverages
the graph’s spanning tree to find high-density routes.

In [15] patrol paths for a group of mobile robots in a fixed area are determined by the construction of
Hamiltonian cycles and instructing robots to move along the cycle maintaining their distance from each other.
This method ensures that all points are visited with the same frequency.

9.4

Relocation

In addition to the allocation problem, in [32] Yıldırım and Soylu considered the placement and relocation of
emergency vehicles in a district-based network to ensure multiple coverage of the entire network. A fixed set
of emergency vehicles is distributed through a network ensuring that all districts in the network are covered
to a district-based coverage requirement. A dispatcher will inform an emergency vehicle to attend to an alarm
and will then make use of a compliance table to relocate the remaining emergency vehicles to ensure that all
coverage constraints are met.

The maximal expected coverage relocation problem (MECRP) was modified by Gendreau et al. in [18] to
incorporate dynamic relocation and multiple coverage requirements. A network flow model and a heuristic
are used to obtain the relocation plan. The paper further implements their models for natural gas emergency
services in the region of Kayseri, Turkey, and shows through a simulation study that their model improves on
the previous static models in the literature.

9.5

Conclusions

The armed response problem captures a practical and timely challenge faced by private security companies:
how to balance rapid response to alarms with the need for continuous, visible patrolling. It is a multi-faceted
problem that includes consideration for district design, allocation of response vehicles, efficient patrol route
design, as well as the relocation of response vehicles when an alarm is triggered. Literature indicates that future
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research should explore more graph-theoretic approaches, especially to the allocation problem on a network,
as well as simulation to evaluate strategies determined by graph-theoretic approaches, under realistic, stochas-
tic demand scenarios, thereby bridging the gap between theoretical models and operational deployment.
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Chapter X

Electric Power Systems

This chapter explores how graph theory and optimization guide the planning and operation of modern power
systems. By modeling the grid as a network, graph theory reveals its hidden structure, enabling clustering,
reliability assessment, and efficient distribution through tools like minimum spanning trees and layering-
pruning. Optimization techniques complement this perspective, using linear programming and heuristics to
schedule generation, position substations, and place renewable resources where they can do the most good.
Learning these approaches is essential, not only to keep the lights on, but to create grids that are cleaner, more
resilient, and able to support a future powered by sustainable energy.

Keywords: Electricity grids, graph theory, optimization, renewable energy, reliability.
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Electric Power Systems
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South Africa is currently facing significant challenges in its electricity sector. Energy supply has become in-
creasingly constrained, while demand for electricity continues to rise due to urbanization, industrial growth,
and population increases. This imbalance has led to frequent load shedding, high costs, and concerns over
the long-term sustainability of the national grid.

To address these issues, there is a growing need to optimize the existing electricity distribution network
and integrate alternative energy sources, including renewable generation such as solar, wind.

A variety of methodological approaches have been developed to support the optimization of electricity
systems. Among the most widely applied are:

• Graph-Theoretic Models: By representing the power grid as a network of nodes (buses/hubs) and edges
(transmission lines), graph theory facilitates the identification of critical components, analysis of net-
work connectivity, and optimization of power flows. Applications include vulnerability assessment,
reconfiguration strategies to minimize losses, and enhancement of fault tolerance.

• Mathematical Optimization Models: Linear programming, mixed-integer programming, and stochas-
tic optimization methods are used to minimize generation and transmission costs, improve network
efficiency, and guide capacity expansion planning under demand and policy constraints.

• Machine Learning and Data-Driven Approaches: Predictive analytics and reinforcement learning are
increasingly applied to electricity systems for demand forecasting, renewable output prediction, and
dynamic grid optimization. Accurate forecasting enables better generator scheduling, improved use of
storage resources, and early fault detection, thereby enhancing both efficiency and reliability.

10.1

Graph theory-based approaches

The application of graph theory in power systems has emerged as a powerful approach to address the in-
creasing complexity of modern electricity distribution networks. Graph-theoretic techniques allow system
components, such as generators, loads, and control elements, to be represented as nodes, while the transmis-
sion lines connecting them are represented as edges. Formally, a power system can be expressed as a graph
𝐺 = (𝑉 , 𝐸), where𝑉 denotes the set of nodes and 𝐸 represents the set of edges. This abstraction provides
a mathematically tractable framework for analyzing structural, operational, and stability properties of power
systems.

10.1.1 Transmission networks

Ishizaki et al. [8] provide a comprehensive overview of graph-theoretic applications in power system model-
ing, dynamics, coherency, and control. Their work emphasizes that understanding the interactions between
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nodes, rather than just the network topology, is crucial. Focusing primarily on transmission-level models, they
analyze a linearized swing model and demonstrate that generators and bus voltages exhibit dynamically cohe-
sive and synchronized behavior when the network topology and physical parameters possess certain symme-
tries. By leveraging graph automorphisms, they characterize dynamic synchronism and apply it to aggregate
generator states and bus voltages through network clustering. The aggregated differential-algebraic equations
preserve a weighted graph Laplacian structure, maintaining Kirchhoff’s laws, and provide a physically inter-
pretable model reduction approach compared to traditional techniques.

10.1.2 Distribution networks

Several graph-theoretic methods have been proposed to optimize energy distribution networks in terms of
cost and efficiency. One classical approach involves the use of a minimum spanning tree (MST) to design
the layout of distribution lines. In this model described in [16], nodes represent substations, load points,
and transformers, while edges correspond to switches, grounding devices, and transmission corridors, with
weights representing current flow. By applying algorithms such as Prim’s algorithm, the MST identifies the
most efficient network layout by minimizing the total pipeline length. However, this method does not ac-
count for energy flows or capacity requirements, limiting its practical applicability.

The next study combines dynamic programming with graph theory to address these limitations. In [4]
Ding et al. proposed a method that uses kernel density analysis to identify optimal energy station locations
based on aggregated building load demands. A 0–1 dynamic programming model, inspired by the knapsack
problem, allocates marginal building loads to minimize load fluctuations and leverage complementary load
profiles. An improved Prim algorithm is then applied to design the pipeline network, incorporating hydraulic
characteristics, investment, and operational costs to ensure economic efficiency and system stability. This
approach, demonstrated on a university campus, successfully reduces load fluctuation rates, smooths peak
demand, and improves the overall hydraulic balance of the network. However, the methodology focuses
primarily on regional-scale systems and economic outcomes, with limited consideration of broader power
grid interactions or environmental impacts.

The layering and pruning method (L&PM) proposed by He et al. [7] further integrates capacity optimiza-
tion. Nodes are layered according to their connectivity to the energy source, and redundant pipelines within
the same layer are pruned to minimize excess capacity. For nodes connected to multiple upstream nodes, the
shortest pipeline is selected, while multi-source adjustments account for bidirectional energy flows and ca-
pacity allocation. Power flows are calculated sequentially from the outer layers to the source, and pipeline
capacities are determined with a reliability margin. Case studies, such as in Guangzhou, China, show that
L&PM achieves significant cost savings while improving operational reliability through reduced load loss ra-
tios and enhanced energy transmission margins.

10.1.3 Reliability and resilience

Reliability is a critical consideration in distribution system planning, particularly with the rise of distributed
generation (different sources of energy).

The reliability and resilience of an electricity distribution system is largely dependent on several internal
and external driving factors. In [9], the authors addressed a predictive problem related to the duration of
unplanned power outages, with the aid of an historical outage record for the training of a neural network pre-
dictor. The duration prediction was conducted using environmental factors, and updated using incoming
field reports premised on natural language processing for an automatic analysis of texts. It was further stated
that experiments premised on 15 years of power outage records showed good initial results and improved per-
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formance taking advantage of texts. Their case studies showed that the language processing identifies phrases
that point to power outage causes and the corresponding repair steps.

Sireesha, Rao, and Kumar [13] propose transforming traditional distribution systems into clusters of mul-
tiple microgrids (MMGs) using weighted graph partitioning, with weights based on line apparent power. This
clustering enables local control, reactive power compensation, loss reduction, and improved reliability. Their
graph-based reliability event model quantifies short- and long-term outages, voltage sags, and associated eco-
nomic losses to customers. By integrating distributed generation and microgrids, the system becomes more re-
silient to both permanent and momentary faults. Evaluation using standard reliability indices such as SAIFI,
SAIDI, CAIDI, and AENS demonstrates that reliability is highly sensitive to the placement, number, and
availability of distributed generators. Optimal microgrid clustering can significantly enhance performance,
making graph theory a key tool for planners in active distribution networks with high renewable integration.

Complementary work by Gonzales-Sanchez et al. [12] introduces a graph-theory-based fault location
method for transmission systems with renewable energy sources. The method models the grid as a graph,
with buses as nodes and transmission lines as weighted edges. Fault detection involves measuring voltages and
currents to calculate the apparent fault impedance, comparing it with graph edge impedances, and identifying
the most likely faulted line and location. While effective, the method relies heavily on accurate system data
and has limited validation under real-world complexities.

Together, these studies illustrate that graph theory enables practical optimization in modern distribution
systems, particularly to improve reliability under increasing renewable penetration. Graph-based clustering,
reliability indices, and connectivity analysis provide a versatile toolkit for planning the transition from passive
networks to active, smart grids.

10.1.4 Research gap

Despite these advancements, several challenges remain. The scalability of graph-theoretic methods to large
real-world power systems is uncertain, especially considering the dynamic behavior introduced by high lev-
els of renewable integration and distributed generation. In addition, socioeconomic and regulatory factors,
such as those present in South Africa, including chronic supply shortages, tariff structures, and regulatory
constraints, can influence the feasibility and effectiveness of microgrid clustering strategies. Addressing these
gaps is essential to ensure that graph-theoretic solutions are both technically robust and practically imple-
mentable in diverse operational environments.

10.2

Optimization techniques

The optimization of electricity systems has become an increasingly important area of research, driven by grow-
ing electricity demand, the integration of renewable energy sources, and the need for reliable, cost-effective,
and sustainable operation. To address these challenges, a wide range of optimization techniques has been
developed and applied, focusing on both the planning and operational stages of power systems. Linear pro-
gramming methods, for instance, have been used to determine economically optimal generation schedules
and resource allocation in power plants [3, 14]. Heuristic and metaheuristic algorithms provide practical solu-
tions to complex, large-scale planning problems [11] where exact methods may be computationally infeasible.
Across these methods, the common goal is to enhance efficiency, reduce costs, and improve the reliability and
resilience of electricity networks, laying the foundation for a sustainable and flexible energy system capable of
meeting future demand.
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10.2.1 Operations research methods

Clack, Xie, and MacDonald [3] present two linear programming (LP) optimization techniques aimed at de-
signing large-scale electrical power systems that integrate renewable energy sources, high-voltage direct current
(HVDC) transmission, and energy storage. The first technique focuses on load matching, minimizing the de-
viation between electricity generation and demand over time, while the second emphasizes cost minimization,
optimizing the system’s economic efficiency. Both methods model the entire system, including variable and
conventional generators, transmission, storage, and demand using LP to ensure computational tractability
for large-scale applications. The authors intentionally chose linear programming over non-linear approaches
to maintain solution feasibility and computational efficiency, particularly for high-temporal and spatial reso-
lutions. They demonstrate the applicability of these techniques through a sample test case, illustrating their
capability to inform the design of sustainable and resilient energy systems.

Similarly, Sukono et al. [14] present a linear programming (LP) model designed to optimize electricity
generation at a power plant in Indonesia. The model integrates multiple factors that influence generation
efficiency, including fuel consumption, steam production, and turbine electricity output. Using LP, the au-
thors aim to determine the most cost-effective combination of gas and oil fuel usage, steam production, and
electricity generation. The optimization process involves three key steps:

1. determining the optimal fuel mix for each boiler unit,
2. calculating the steam production from the boilers,
3. and optimizing electricity production from the turbines using the generated steam.

The mathematical model incorporates various constraints such as production capacities, fuel availability, and
operational costs. Using Project-Oriented Modeling (POM) software, the authors demonstrate that the LP
model can effectively minimize operational costs while meeting electricity demand. The results highlight
the importance of considering efficiency factors and resource allocation in power plant operations to achieve
economic optimization. This approach offers valuable insights for improving the economic performance of
thermal power plants through systematic optimization techniques.

In [5], a multiobjective optimization model was presented for the planning and management of invest-
ments in distributed heat and electricity supply systems. Different measures of energy efficiency were taken
into account. This extends to various storage systems, heat and power generation units, and energy-saving up-
grade measures. In addition, district heating networks were considered as an alternative conventional individ-
ual heat supply for each building. The multi-objective optimization problem was split into three subgroups
in a bid to reduce the computational complexity. This enabled a high level of detail in the optimization, while
also addressing the comprehensive investigation of districts with more than 100 buildings. The developed
model was deployed to a case study district in a medium-sized town in Germany in a bid to conduct analysis
on the effects of different efficiency measures regarding total costs and emissions of CO2 equivalents.

Furthermore, the research in [10], developed a multi-objective energy system such that key variables such
as electricity, heat, cooling, fuels, transport, etc. are made to optimally interact as an integrated entity at
diverse operational levels including at the district level, city, and region levels. This created an important and
unique opportunity to increase all the interacting multifaceted entities including technical, economic, and
environmental performance in comparison to a classical energy system whose modeling considerations are
treated separately.

Allegrini et al. [1] presented a detailed review of modeling techniques and related software tools that
addressed the district-level integrated energy system. Following that buildings play a significant role in urban
energy systems with respect to demand and supply of energy, it further asserted that it is largely insufficient to
run simulations of buildings using isolation from the microclimate and energy system in which they operate
or to model an urban energy system without consideration of the buildings that they serve.
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New models and tools that address these district-level interactions are reviewed and their competences
assessed. These are divided into the following sections: district energy systems (including heat networks,
multi-energy systems (MES), and low-temperature networks), renewable energy generation (including solar,
bioenergy, wind, and the related topic of seasonal storage), and the urban microclimate as it relates to en-
ergy demands. The scope and detail covered by twenty cross-disciplinary tools is summarized in a matrix;
many other tools that focus on specific areas are also discussed. We end by summarizing the current state
of district-scale urban energy modeling as it relates to the built environment, along with our perspective on
future challenges and research directions.

This performance improvement can take place at both the operational and the planning stage. While such
systems and in particular systems with distributed generation of multiple energy vectors DMG (distributed
multi-generation) can be a key option to decarbonize the energy sector, the approaches needed to model and
relevant tools to analyze them are often of great complexity. Likewise, it is not straightforward to identify
performance metrics that are capable of properly capturing costs and benefits that are related to various types
of MES according to different criteria. The aim of this invited paper is thus to provide the reader with a com-
prehensive and critical overview of the latest models and assessment techniques that are currently available
to analyze MES and in particular DMG systems, including for instance concepts such as energy hubs, micro-
grids, and VPPs (virtual power plants), as well as various approaches and criteria for energy, environmental,
and techno-economic assessment.

10.2.2 Heuristic and hybrid approaches

Breda and Mestria [11] address the challenge of optimizing the planning of electric power distribution sys-
tems, focusing on the strategic placement of substations to enhance service quality and reduce operational
costs. They model the problem as a combinatorial optimization task, employing the 𝑝-median model to
determine optimal substation locations. To solve this, they adapt heuristic algorithms based on Teitz and
Bart [15] for facility location and Gillett and Johnson [6] for demand allocation. In addition, they employ an
exact branch-and-bound method to benchmark the performance of the heuristics. The authors apply these
methods to several scenarios within a metropolitan region’s distribution network, demonstrating that the
proposed heuristics yield high-quality solutions with competitive computational efficiency. The study un-
derscores the effectiveness of combining combinatorial optimization techniques with heuristic algorithms in
the addressing of complex planning problems in power distribution systems.

On the other hand, Berger et al. [2] address the challenge of locating renewable power generation assets
by leveraging extensive climatological data to account for spatio-temporal complementarity. They formulate
the problem as a combinatorial optimization task aiming to select a specified number of sites that minimize
the occurrence of simultaneous low-electricity production events, relative to a predefined reference produc-
tion level. The model is closely related to submodular optimization and extends the well-known maximum
coverage problem.

The authors propose various deterministic and randomized algorithms, including greedy, local search,
and relaxation-based heuristics, as well as combinations thereof. These methods are benchmarked against a
state-of-the-art mixed-integer programming solver using a realistic case study inspired by the siting of onshore
wind power plants in Europe. The results demonstrate that the proposed algorithms consistently produce
better solutions at a fraction of the computational cost. Furthermore, a cross-validation analysis indicates that
the model can reliably identify deployment patterns that perform well on previously unseen climatological
data, with the exception of an edge case.
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10.2.3 Research gap

Despite the advances enabled by linear programming, combinatorial optimization, and heuristic/metaheuristic
methods, several limitations remain in their application to electricity system planning. Linear programming
approaches, while computationally efficient and capable of producing globally optimal solutions for linear
problems, often rely on simplifications such as linearized power flows and deterministic inputs, which can
reduce accuracy when modeling real-world, non-linear, and stochastic systems. Combinatorial optimiza-
tion methods effectively handle discrete decisions such as substation placement or network topology design
but face scalability challenges due to their NP-hard nature and frequently provide only near-optimal solu-
tions in large networks. Heuristic and metaheuristic algorithms offer flexibility for complex and non-linear
problems but are sensitive to parameter tuning, problem-specific design, and computational time, and often
lack theoretical guarantees regarding solution quality. Moreover, most existing techniques predominantly fo-
cus on single-objective optimization, neglecting the simultaneous consideration of cost, reliability, emissions,
and resilience, and they rarely integrate long-term planning with real-time operational variability. These gaps
highlight the need for approaches that can incorporate uncertainty, multi-objective optimization, and scal-
able, robust solutions, particularly in modern grids with high shares of renewable energy and distributed
resources.
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